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Abstract

This thesis develops statistical models and data-driven algorithms for
modelling, simulation, and forecasting asset price dynamics in financial
markets with many instruments and risk factors, focusing on equity and
option markets. In such multi-asset settings, modelling of co-movements
is crucial in order to implement correct hedging strategies, and generate
realistic portfolio dynamics and loss distributions. Models also need to
respect arbitrage relations linking prices of various instruments, which

often imposes nonlinear constraints on state variables.

Chapter 1 introduces notation, outlines the thesis structure, and com-
pares various types of generative models, establishing shared themes and

contributions.

Chapter 2 presents a computationally tractable method for simulating
arbitrage-free implied volatility surfaces. Our approach conciliates static
arbitrage constraints with a realistic representation of statistical properties

of implied volatility co-movements.

Chapter 3 introduces VOLGAN, a generative model for arbitrage-free
implied volatility surfaces. The model is trained on time series of implied
volatility surfaces and underlying prices, and is capable of generating
realistic scenarios for the joint dynamics of the implied volatility surface

and the underlying asset.

Chapter 4 proposes a non-parametric data-driven methodology for hedging
using generative models. In contrast with conventional model-based hedg-
ing approaches relying on sensitivity analysis of model pricing functions,
our approach uses (conditional) generative models to simulate realistic
market scenarios given current market conditions, and computes hedging
strategies which minimise risk across these scenarios. The approach incor-
porates trading costs, leads to an optimal selection of hedging instruments,

and adapts to market conditions. We illustrate the effectiveness of this



methodology for hedging option portfolios using VOLGAN, and compare

its performance with delta and delta-vega hedging.

Chapter [5| investigates the use of Generative Adversarial Networks (GANs)
for probabilistic forecasting of financial time series. To this end, we
introduce a novel economics-driven loss function for the generator, render-
ing GANs more suitable for a classification task. Our approach, named
FiN-G AN, moves beyond pointwise forecasts and allows for uncertainty
estimates. Numerical experiments on equity data showcase the effective-
ness of our proposed methodology, which achieves higher Sharpe Ratios

compared to commonly used supervised learning models, such as LSTM
and ARIMA.

Chapter [6] explores the construction of conditional generative models in a
multi-asset setting by leveraging cross-asset relationships through a graph-
based probabilistic ensemble framework. Rather than combining point
forecasts, our method ensembles full conditional return distributions. The
graph captures the transferability of predictive information across assets,
with edge weights learned via a profit-maximisation objective reformulated
as a LASSO regression. This computationally efficient approach induces
sparse and interpretable weights. We apply our method to FIN-GAN,
and demonstrate that the LASSO-induced graph outperforms benchmarks,
including asset-specific models, return correlation-based graphs, and graph
structures based on historical PnL or Sharpe Ratio attained by single-asset

generators.
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Chapter 1

Introduction

While the bulk of mathematical models in finance have focused on detailed analytical
modelling of single-asset markets, a large number of practical applications involve
multi-asset markets, often with a large number of assets. This leads to many theoretical
and computational challenges related to scalability, model sparsity, and arbitrage
constraints. This thesis aims to develop efficient analytical and data-driven modelling
approaches and algorithms for multi-asset financial markets which are scalable to
high-dimensional settings.

Our focus is on custom conditional generative models tailored to specific financial
tasks, such as simulating implied volatility surfaces and forecasting asset returns. We
show how these models can be directly applied to hedging, risk management, and
trading strategy design. The methodology in this thesis bridges traditional financial
modelling and modern machine learning.

Although generative artificial intelligence (GenAl) models perform exceptionally
well in domains like image and language generation, their application to financial data

presents distinct challenges, some of which we list below:

e high dimensionality of market data,

limited availability of historical samples,

e complex and nonstationary temporal structure,

time-varying and nonlinear dependencies,

lack of standardised validation protocols,

low interpretability and trustworthiness of outputs.



These issues often prohibit the use of large, generic architectures from other
domains. Instead, we advocate for carefully tailored models that are suitable for
financial purposes. Moreover, even if a model is appropriately trained, evaluating the
quality of simulated scenarios is not straightforward. This is particularly true when
training directly on market data. Unlike domains where realism can be judged visually
or semantically, financial generative models must be assessed using application-specific
performance metrics.

This thesis develops and validates two custom conditional generative models:
VOLGAN [I134], for simulating arbitrage-free implied volatility surfaces, and FIN-GAN
[136], for directional return forecasting. In both cases, we evaluate model robustness
and performance on real-world financial data and demonstrate their use in hedging
and trading applications. These models illustrate how tailored generative modelling
can address real financial problems in a scalable, data-efficient, and interpretable
manner.

Unlike many existing approaches that rely on model-based simulations or assume
access to abundant stationary data, our framework adapts to real-world conditions,

requires minimal assumptions, and remains robust under changing market regimes.

1.1 Generative models for financial time series

Generative models are a class of machine learning models designed to learn the
(unknown) data-generating distribution through sample observations. Their objective
is to approximate the (conditional) probability distribution of observed data, and to
generate new samples which statistically resemble it. They represent a very powerful
tool, since they learn from the data directly and do not presume strict distributional
forms.

Although much attention has been devoted to applying a particular class of
generative models to financial settings, namely Large Language Models (LLMs)
[28, 011, [111], one of the most natural use cases of GenAl in finance is generating
forward-looking market scenarios which are consistent with historical observations.
Such scenarios can be used directly for tail risk simulation [40], trading strategies
[136], portfolio construction [30], and hedging [44].

At first glance, it might appear preferable to learn optimal solutions to financial
tasks, such as trading or hedging, directly from data, bypassing the modelling of
market dynamics. This leads to a reinforcement learning approach [64], where actions

are learned end-to-end to optimise performance. However, reinforcement learning



typically requires a large number of stationary, repeated paths to learn optimal policies,
which is not compatible with the nature of financial markets. In addition, each shift
in market conditions or task specification would necessitate costly retraining, reducing
adaptability and scalability.

To address data limitations, a growing body of work focuses on Market Generators
[72], which are machine learning models trained to generate synthetic market paths.
These simulated paths are then used to train reinforcement learning algorithms such as
Deep Hedging [17]. While this improves data availability, it introduces an additional
modelling layer, and does not eliminate the need for repeated retraining of downstream
policies when market conditions change.

Instead, this thesis focuses on learning the one-step-ahead joint distribution of
market prices and risk factors, conditional on current (and past) market information.
Once a conditional generative model is trained and validated on historical market
data, it can be used to simulate plausible forward-looking scenarios based on current
market conditions. These scenarios are then used to make informed decisions through
an optimisation approach. The market dynamics is learned by the generative model
once, and the scenarios are simulated given current market conditions. This leads
to a more adaptive, faster, and computationally efficient approach compared to rein-
forcement learning, avoiding repeated trial-and-error learning or heavy and restrictive
assumptions on market dynamics tied to analytical modelling.

We now review the most common families of generative models. A more compre-

hensive comparison is provided in [14].

e Generative Adversarial Networks (GANs) [60] are composed of two neural
networks: a generator and a discriminator. The generator transforms input
noise, typically Gaussian, into synthetic data samples. Rather than directly
comparing its outputs to the actual data samples, the generator relies on the
discriminator for learning, i.e. it is trained adversarially through the feedback
it receives from the discriminator. The discriminator’s role is to differentiate
between real and generated samples, and it is trained as a classifier. Unlike the
generator, the discriminator has access to the real data and compares the real

and simulated samples.

e Variational Autoencoders (VAEs) [83] also consist of two neural networks:
an encoder and a decoder. The encoder learns to map its input data to a

distribution over a lower-dimensional latent space (which is typically Gaussian),



from which samples can be drawn. The decoder reconstructs the data sample

from its latent representation.

e Energy-Based Models (EBMs)[90] define an unnormalised data-generating
probability density by introducing an energy function Ejy(z), parameterised by a
neural network, which assigns lower values to regions of higher probability. The
associated density is proportional to exp(—FEjy(z)) and the normalisation constant

is typically intractable. EBMs can be trained by likelihood maximisation.

e Diffusion Models [126, [127], consist of a forward and a reverse process. The
forward process gradually adds noise to the data until it reaches a limiting
distribution, which is typically Gaussian. The reverse process, which aims to
map the limiting noise back to the data, is learned and is typically modelled as
a parameterised stochastic differential equation, or as a sequence of de-noising
steps. The reverse process is usually trained by score matching [75] or variational
inference [69, [82].

e Normalising Flows [113] apply a sequence of invertible transformations, called
flows, to a latent (noise) prior distribution in order to match the target data
distribution. These transformations are parameterised by neural networks and
allow for exact likelihood computation via the change-of-variables formula,
unlike EBMs. Contrary to diffusions, the backwards process (mapping noise to
data) is not learned separately, but rather given by the inverse of the forward

transformation.

e Neural Stochastic Differential Equations (neural SDEs) [31], 81] model
the temporal evolution of training data with a stochastic differential equation,

whose drift and volatility terms are represented by neural networks.

e (Deep) Autoregressive Models [132] factor the joint distribution of sequential
data into a product of conditional distributions. They generate data sequentially,
based on the previous elements, by modelling conditional probabilities with
neural networks. Large Language Models belong to this class, and they often

use a Transformer architecture [133].

These diverse classes of generative models each offer different levels of explain-
ability /interpretability, target data distribution flexibility, computational efficiency,
sampling tractability, and analytical availability of the learned data-generating distri-

bution.



To leverage the strengths of different models while addressing their limitations,
hybrid approaches have been proposed. For example, VAE-GANs [89] aim to improve
VAEs by treating the decoder as a generator and introducing a discriminator for
adversarial training. Flow-GANs [62] impose an invertible generator and train it using
a combination of adversarial and maximum likelihood losses. Diffusion-GANs [142]
replace the reverse process of diffusion models with a GAN to increase the sampling
efficiency. Although these hybrid architectures aim to enhance generative model
performance in general settings, our focus is learning market dynamics for financial
decision making.

In the setting of this thesis, we are interested in being able to sample from the one-
step-ahead distribution of market variables and risk factors based on the current state
of the market. One-step-ahead conditional generative modelling provides a flexible
and data-efficient way to learn market dynamics. Compared to path-based approaches,
this setup benefits from a larger effective sample size, as overlapping windows allow
the use of every time step in training. It is also well-suited to settings with limited
data or changing market regimes, as it can quickly adapt to new information without
requiring the simulation of long trajectories. Despite its apparent simplicity, the
one-step simulation proves highly effective for financial decision-making tasks such as
hedging and forecasting, as we show throughout this thesis.

We distinguish two sets of variables of interest:
e market prices S}, ..., S!" of tradable primitive/underlying assets;

e other (non-price) risk factors denoted X; = (X}, ..., X¢). Examples of such risk

factors may be: implied volatilities, interest rates, credit spreads, etc.

A generative model G should be capable of generating one-step ahead (e.g. one-day

ahead) scenarios w for the co-movements of prices S; and risk factors X;

ar = (S0 X, Sionts Xeears )y @~ (Sear(w), Xerar(w)). (1.1)
The input of the generative model (S;, Xj, ...) throughout this thesis is denoted by ay,
and it represents a summary of the market at time ¢. The generative model G therefore
provides samples from a distribution similar to that of (S;;a¢, X;) conditional on ay,
denoted by ]P)aGt. Although the distribution PaGt may not be available analytically, we
aim to be able to efficiently sample from it. In order for the generative model G to
be feasible, it is necessary for it to be able to handle conditional generation (having
a direct input a;) and to easily obtain i.i.d. samples from its learned probability
distribution ]P’aGt.



Although methods such as Path Shadowing Monte Carlo [104] have been proposed
to transform unconditional generative models into conditional models by comparing the
simulations to the observed data history, directly modelling the conditional one-step-
ahead distribution offers a more efficient and interpretable solution. One-step-ahead
simulations can support both local decision-making and path generation via recursive
application in a Markovian framework. Moreover, when simulated scenarios are not
used for data augmentation, but for downstream tasks such as risk management or
portfolio construction, it becomes crucial to be able to rapidly generate a large number
of i.i.d. samples from the conditional distribution ]P’aGt learned by the generative model.
In addition, conditioning directly on current market information a, allows faster
and more adaptive responses to regime changes (such as the Covid-19 pandemic),
without requiring global retraining or historical search procedures. As demonstrated
throughout this thesis, the models presented here can generalise effectively across
changing market conditions even without retraining, highlighting the robustness of
the one-step-ahead conditional approach.

Practical requirements such as efficiency, adaptability, and conditional sampling
highlight the importance of selecting an appropriate generative architecture. We now
compare the suitability of different classes of generative models in addressing these
challenges.

Sampling from GANSs is highly efficient: once trained, the generator is a determin-
istic function, and samples can be drawn in a single pass by re-sampling the noise. In
contrast, sampling from diffusion models typically involves simulating a discretised
reverse stochastic process over many steps, which can be computationally expensive.

Conditional VAEs encode a dependency of the latent space on the conditioning
input, which may complicate sampling consistency if latent priors differ in training
and generation. This is particularly important if the condition is continuous, rather
than belonging to a small discrete set, since it might be impossible to sample from
the correct latent space. Conditional GANs [60, 103], in contrast, allow for a clean
separation between latent priors and the input condition.

Contrary to GANs, which do not yield explicit likelihoods, EBMs directly model
the unnormalised log-likelihood of the data via an energy function. However, sampling
from them often requires MCMC techniques, which are computationally intensive
and sensitive to initialisation. Neural SDEs provide a continuous-time generative
framework well-suited to financial time series, but they often assume Brownian motion
as the driving noise, limiting their flexibility for modelling non-Gaussian features like

jumps or rough paths.



Flow-based models offer exact likelihood evaluation and efficient sampling, but
their architecture is constrained by the requirement of invertibility and tractable
Jacobian computation.

Autoregressive models, including large language models (LLMs), directly model
conditional likelihoods, and have achieved significant success in natural language
processing. However, they typically require millions of parameters and generate
samples sequentially, making it less straightforward to obtain independent, identically
distributed (i.i.d.) samples. When applying such models to financial problems,
additional care must be taken to avoid issues such as lookahead bias [I11], which can
arise when the temporal structure of market data is not properly respected.

Given these trade-offs, this thesis focuses on conditional GANs, which offer a strong
balance between flexibility, sampling efficiency, and conditional modelling. Although
GANs are well-known for challenges such as mode collapse and training instability,
we demonstrate that these limitations can be mitigated through bespoke training
objectives. As shown in later chapters, these conditional GAN models perform robustly
on real financial data, including high-dimensional and low-frequency settings such as
daily returns.

Beyond purely data-driven approaches, another promising direction is hybrid
generative—factor modelling, where data are first projected onto a small number
of latent factors, whose dynamics are then learned using generative models. This
structure provides better interpretability and can encode known economic relationships,
though at the cost of potential restrictions on model adaptability. Recent examples
include diffusion-based factor models [30] and GAN-based versions [26]. Although such
hybrid approaches are not explored in this thesis, they represent a natural extension
of the generative modelling frameworks developed here. Instead, our focus remains on
learning directly from the data, without constraining the model through predetermined

factor structures.

1.1.1 Generative Adversarial Networks

Generative adversarial networks (GANs) are often studied from a game-theoretic
perspective, which is also the origin of their name. Before formalising the framework
mathematically, we begin with an intuitive explanation.

Consider two players playing a minimax game: a generator G and a discriminator
D. The generator attempts to produce samples that resemble real data, while the
discriminator’s task is to distinguish between real samples (from the data set) and

samples simulated by the generator. The generator is trained to produce samples that



the discriminator classifies as indistinguishable from real data, while the discriminator
learns to become better at classifying samples provided to it. Both G and D are
implemented as neural networks.

In the case of conditional GANs [60], T03], the generation process is conditioned
on some additional information, such as class labels or other conditioning variables.
Both the generator and the discriminator receive the same conditioning input. For
example, if a model aiming to generate photos of animals is tasked with generating
images of cats, both G and D receive the label ‘cat’ as input. The generator produces
an image that it believes to be a cat, and the discriminator checks whether the image

looks like a real cat photo given the label. This setup is illustrated in Figure [1.1]
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Figure 1.1: An illustration of a conditional GAN pipeline.

An alternative way to motivate the GAN framework is through the lens of generative
modelling more broadly. Many generative models, such as diffusion models, VAEs,
and flow-based models, are based on learning a pair of mappings: one from the data
to a latent representation (often seen as noise) and one from the latent space back
to the data domain. Once trained, new samples are generated by sampling from the
latent (noise) distribution and applying the learned inverse mapping.

However, in the conditional setting, this bidirectional structure becomes more
intricate. The mapping from data to latent variables must now account for the
conditioning input, and the generative map must reconstruct data conditional on
that same input. This introduces dependencies between the latent representation
and the input condition, which can complicate sampling and lead to inconsistencies,
particularly if the latent distributions differ between training and generation.

GANSs offer an elegant alternative by completely decoupling the bidirectional

structure. Instead of mapping data to its latent representation (noise) and back,



GANSs begin directly with random noise and a conditioning input, and learn to map
these into realistic samples. This is a more challenging task, as the generator does
not receive direct access to the real data samples, but only indirect feedback via the
discriminator’s evaluations.

Training a GAN involves an adversarial game between the generator and the
discriminator, introduced in the foundational work of [60]. Although elegant in theory,
this setup poses practical challenges. Since the generator and discriminator are trained
alternately (rather than jointly), convergence is not guaranteed, and training can
suffer from instability or mode collapse.

We now formally define the conditional GAN framework [60], 03] used in this
thesis, and discuss its advantages and limitations in the context of financial modelling.

Building on the previous discussion, we consider the task of learning the one-step-
ahead evolution of market variables (S;, X;) over a horizon At, on a filtered probability
space (Q, F, (F;),P), where the true data-generating distribution P is unknown. As
before, we define a; € Rl as an F;-measurable vector summarising market information
available at time ¢. The minimal form is a; = (S;, X;), but richer summaries such
as a; = (S, X4, Si—at, Xi—at, - .. ) are also possible. In general, a; may include any
Fi-measurable feature of the market.

The objective is to approximate the conditional distribution of (Syyas, Xirat) given

as, by learning directly from data.

Definition 1. Let noise Z € R be distributed according to P,, which is easy to
independently sample from. The generator G : Rle x Rz s R"* is q differentiable
function that maps the market information space and the latent (noise) space to the
data space. It is parameterised by a neural network whose parameters are denoted by

0,y. The value G(ay, Z;6,) = (S’HN(Z), XHN(Z)) represents a simulated scenario for

S and X at time t + At, conditional on the market information a; at time t.

Remark 1. Typically, P, is a standard multivariate normal distribution, N(0,1;.).
Conditional samples (S’HN, XHN) are generated by drawing noise samples Zy, ..., Zn iEIP’Z,
and using them as inputs of the generator to reach {G(as, Z;;04) Yiz1,. n. Hence, noise

Z corresponds to a scenario w in .

Definition 2. The discriminator D : Rle x R""— (0,1) is a differentiable function,
represented by a neural network, of market information a;, at time t and a scenario
(Stsat, Xirat) for time t + At. The parameters of the discriminator are denoted by 6.
Its output D(ay, (Sieat, Xerar); 6a) is a real number between O and 1, interpreted as

the probability that (Siiar, Xirae) comes from the data rather than the generator.

9



These components form the basis for the conditional GAN framework used through-
out this thesis.

The discriminator D is trained to maximise the probability of assigning the correct
label to both the true data samples and the generated ones. It assesses the compatibility
of the simulated scenario G(a;, Z;0,) with the market state a;.

The generator is trained to produce outputs to which the discriminator assigns a
high probability of being real. While many alternative training objectives have been
proposed [73], including zero-sum losses [60], f-divergences [107], and the Wasserstein-
1 distance [5], we focus on binary cross-entropy, as both custom GAN-based models

developed in this thesis are trained using this loss.

Definition 3. The binary cross-entropy function for the discriminator is JP) (0, 6,)

18

JP)(0,,6,) = —%E llog(D(ar, (Ses ar, Xoear): Qd)]]—%IE llog[1 — D(ar, Glas, Z:6,); 6]
(1.2)

As discussed in [60], under ideal conditions, including infinite model capacity,
optimal discriminator, and exact optimisation, the minimax GAN game with binary
cross-entropy loss for the discriminator and J(@ = —J) for the generator corresponds
to minimising the Jensen—Shannon divergence between the true data distribution and
the model distribution. The game converges to a Nash equilibrium if both policies
can be updated in the function space, which is usually not the case in practice, as
argued by [61]. When convergence takes place, the discriminator views all outputs as
being equally likely to be real as they are to be simulated, therefore having its outputs
converging to % However, [60, [61] favour the cross-entropy loss over the zero-sum loss
for the generator. Early during training, the zero-sum loss may not provide sufficiently
large gradients for the generator to be able to learn well, since the simulated samples
may be easily distinguished as such, resulting in saturated discriminator ratings, and
low gradients.

The binary-cross entropy loss results in the generator maximising the log-score it

receives from the discriminator.

Definition 4. The binary cross-entropy loss for the generator is J(@ (6, 8,) is

7 (6,,6,) = —%E llog[D(ay, Glag, Z:6,): 62)]]. (1.3)
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The parameters of the two networks are updated in an alternating manner, although
sometimes one of the networks is updated more often. However, [60] argues for one-
to-one alternating updates.

As already mentioned, there are several issues that commonly arise when training
GANSs [4]. The most prominent is mode collapse, which can be full or partial. Full
mode collapse refers to the generator producing identical or nearly identical outputs,
effectively providing point estimates only. Partial mode collapse denotes a situation in
which the generator outputs a small number of distinct, but limited scenarios, failing
to capture the full diversity of the target distribution.

In our setting, this would manifest as the distribution of simulated values degener-
ating towards a Dirac delta measure. Such behaviour can arise when the generator
converges towards sharp local minima [53]. In this case, the generator may repeatedly
produce samples close to real data, receiving high discriminator scores. This leads to
vanishing gradients and negligible updates, ultimately resulting in mode collapse. A
similar issue arises if the discriminator is overly strong, since the generator is not able
to learn much due to weak gradients.

Regularisation of the discriminator is often used in a Wasserstein-GAN setting [5],
when the Lipschitz constraint is softly enforced through a gradient penalty term [63].
However, it is also possible to regularise the generator to adapt to the task and data
at hand, which is what we opt for when training both VOLGAN [134] (Chapter [3))
and FIN-GAN [136] (Chapter . However, such an approach has also been used for
Ex-GAN [12], to simulate extreme weather events.

Despite their growing popularity in diverse fields, [87] shows that standard GANs
in general do not reliably reproduce stylised facts of financial time series [38]. Hence,
it is necessary to adapt GANs to tasks and to carefully examine whether the outputs
of these models mimic these empirically observed properties of financial time series.
Although visualisation may help detect major flaws, relying solely on visual inspection
is not sufficient. Model validation should be performed on the basis of the task for
which the simulated data would be used. For example, in Chapter [3| we carefully study
the dynamics of the implied volatility co-movements produced by VOLGAN, and in
Chapter [5| we estimate FIN-GAN'’s trading capabilities.

There are very few data assumptions which are necessary in order to train a
(conditional) GAN. As with any statistical model, there is an underlying stationarity
and ergodicity assumption on the training data, in order to be able to approximate
the population average of loss functions with sample means. This may require

some data transformation or reparametrisation. For example, call/put prices with
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fixed (absolute) strike and maturity do not satisfy this property, due to obvious time-
dependence especially near expiry. On the other hand, implied volatility parameterised
by ‘moneyness’ and time-to-maturity is more likely to be stationary. However, there
are no other assumptions on the distributional form and the dynamics of the input
and output data beyond stationarity and ergodicity.

In this thesis, we develop custom GAN architectures, VOLGAN and FIN-GAN,
along with the theoretical and practical tools necessary for their implementation
in finance. Since implied volatility modelling must adhere to strict no-arbitrage
constraints, the development of VOLG AN begins with a framework capable of enforcing
these constraints even when simulations originate from potentially black-box models.
Once VOLGAN is established, a general methodology for data-driven hedging is
derived, and its effectiveness in dynamically hedging option portfolios is demonstrated.
Similarly, after introducing FIN-GAN, the thesis explores its extension to leverage
cross-sectional information. The methodology in this thesis highlights the interplay
between modern machine learning techniques and traditional mathematical and

statistical methods.

1.2 Outline and contributions

This thesis develops generative modelling frameworks tailored to high-dimensional
financial applications, addressing simulation, hedging, and forecasting in multi-asset
markets. Its contributions include the design of custom conditional GANs,; validation
on real-world financial data, and integration with downstream financial decision-making
tasks.

Across the chapters, we develop novel conditional generative models, including
VOLGAN and FIN-GAN, and demonstrate their effectiveness in generating arbitrage-
free implied volatility surfaces, forecasting return distributions, and data-driven
hedging.

A central theme is the fusion of finance, data-driven modelling, and traditional
mathematical and statistical approaches such as LASSO regression [129]. We enforce
arbitrage constraints via post-training scenario re-weighting, incorporate task-specific
objectives into GAN training, and combine generative models with financially moti-
vated optimisation approaches. Our results show how probabilistic generative models
can be successfully deployed across a wide range of financial tasks. The methodology

is empirically validated on real market data, demonstrating improved hedging per-
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formance, Sharpe Ratios, and generalisation across assets, especially in low-sample
regimes.

This work contributes to the growing literature on generative modelling in finance,
transfer learning for time series, and data-driven risk management, and it proposes
scalable alternatives to more rigid parametric or reinforcement-learning-based methods.

Beyond methodological contributions, this thesis addresses both theoretical and
practical challenges in quantitative finance. It contributes new modelling tools that
overcome the limitations of traditional modelling approaches, offering more flexible
and efficient alternatives rooted in modern generative modelling. It shows how domain
knowledge can be systematically incorporated into the learning process.

The models are also designed with practical deployment in mind, particularly in
settings with limited data, minimal rebalancing, or changing market regimes. Their
flexibility and robustness make them suitable for integration into real-world risk
management or trading systems.

We now provide an overview of the chapters in this thesis.

1.2.1 Chapter [2; ‘Simulating arbitrage-free implied volatility
surfaces’

Market prices of options are expressed via their Black-Scholes implied volatilities,
derived by inverting the Black-Scholes formula given the option’s market price. In
numerous options markets, it is widely observed that the implied volatility ¥;(K,T)
for a call option with strike price K and maturity 7" is actually dependent on the
values of (K, T) [41, 51l 52, 67, 57]. The function ¥, : (K,T) — X:(K,T), which
illustrates this relationship, is known as the implied volatility surface at time t and
provides a representation of the options market pricing structure [79]. Figure
shows an example for SPX index options.

Two characteristics of this surface have drawn interest from researchers in financial
modelling. Firstly, the non-uniform instantaneous profile, whether it exhibits a ‘smile’,
‘skew’, or term structure, highlights the shortcomings of the Black-Scholes model
in fitting a set of option prices at any specific moment. This has inspired various
extensions of the Black-Scholes model that strive to replicate realistic instantaneous
profiles for the surface ¥;(K,T). Secondly, the fact that the surface itself fluctuates
unpredictably over time due to supply and demand dynamics in the options market
implies that a good risk management model must not only accommodate the shape of
the surface at a particular date but also provide realistic dynamics for co-movements

of implied volatilities across different strikes and maturities.
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Market models of implied volatility [8, 21} 37, 4], 42, [58| 122], 120, 99, 3] attempt
to directly capture both the cross-sectional characteristics and the evolution over time
of implied volatilities. One of the challenges in modelling implied volatility surfaces is
ensuring compliance with static arbitrage constraints. The implied volatility surface
cannot be unrestricted: static arbitrage constraints on the values of call and put options
[47] impose conditions on its possible shape. Analytical approaches have concentrated
on developing parameterisations for implied volatility surfaces that inherently comply
with these arbitrage constraints [21), 122] [37]. Nevertheless, deploying these models is
computationally intensive, and calibrating them to achieve realistic surface dynamics

proves even more challenging.
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Figure 1.2: SPX implied volatility surface on 01/11/2021.

We present a computationally tractable method for simulating arbitrage-free
implied volatility surfaces, which correctly captures the co-movements of implied
volatility across a range of strikes and maturities. We first perform data analysis on
the SPX implied volatility surface, and we then illustrate how our method may be
combined with a factor model for the implied volatility surface to generate dynamic
scenarios for arbitrage-free implied volatility surfaces. We give two examples: a
stylised model using basis functions representing level, skew and curvature, and a
data-driven example based on principal component analysis of daily changes in the
logarithm of the SPX implied volatility surfaces. Our approach conciliates static
arbitrage constraints with a realistic representation of statistical properties of implied
volatility co-movements.

The empirical study in this chapter presents a number of statistical properties

that any good model for implied volatility simulation should satisfy. Furthermore, we
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introduce an arbitrage penalty that quantifies potential static arbitrage violations.
The arbitrage scenario re-weighting, which is a Weighted Monte Carlo Approach [6]
based on the arbitrage penalty, introduced in this chapter, enables the use of complex
machine learning models without requiring the strict enforcement of no-arbitrage

constraints in the model architecture itself.

1.2.2 Chapter [3} ‘VOLGAN- a generative model for arbitrage-
free implied volatility surfaces’

Given the high dimensionality of the volatility surface and the complexity of its
dynamics, it is challenging to capture all of the properties discussed in the previous
chapter in a parametric model. It is therefore of interest to examine whether a
data-driven approach can be used to overcome these modelling challenges.

We introduce VOLGAN, a fully data-driven generative model for the dynamic
simulation of arbitrage-free implied volatility surfaces. The model is trained on a
time series of market-quoted implied volatilities and is capable of generating realistic
dynamic scenarios for implied volatility surfaces. We illustrate the performance of the
model by training it on SPX implied volatility time series and show that it is able to
learn the covariance structure of co-movements in implied volatilities and generate
realistic dynamics for the (VIX) volatility index [25]. In particular, the generative
model is capable of simulating scenarios with non-Gaussian increments, as well as
time-varying correlations.

Our model builds on previous work on generative adversarial networks (GANs) for
scenario simulation in finance, starting with [128] and [I39] for price dynamics. More
recently, GANs have been deployed for scenario simulation in options markets. [I138] use
a classical GAN approach. [46] and [35] use a ‘neural SDE’ to parameterise volatility
surface dynamics. [19] use a supervised learning approach to extract information from
historical implied volatility dynamics, while [106] combines SDEs with Variational
Autoencoders [84].

In contrast with the aforementioned approaches which deploy the classical GAN
methodology of [60] using binary cross-entropy (BCE) as a training objective ([1.2)-
(1.3), we propose a bespoke training criterion adapted to the financial application at
hand, combined with a scenario re-weighting [45] approach introduced in Chapter
to take care of arbitrage constraints.

Chapter [2| provided a modelling baseline and a number of statistical properties
that a good implied volatility model should satisfy. As one of the main concerns

around GANSs is stability, we perform out-of-sample tests over a four and a half
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year long period spanning both times of market turbulence and calm, without any
retraining. In order to show that VOLGAN learns the dynamics of implied volatility
co-movements, we design a number of model validation tests, based on the empirical
study from Chapter [2] To our knowledge, this is one of the first generative models in
the literature that is empirically validated for producing arbitrage-free surfaces with

realistic dynamics.

1.2.3 Chapter 4 ‘Data-driven hedging with generative mod-
els’

Having shown that VolGAN can realistically simulate dynamic implied volatility
surfaces in the previous chapter, we explore how such generative models can be used
in downstream applications such as hedging and risk management.

In this chapter we propose a nonparametric data-driven methodology for hedging
using generative models. The key idea is to learn the co-movements of potential
hedging instruments and the target portfolio from the market data, and then use this
information to compute hedging strategies.

In contrast with model-based hedging approaches relying on sensitivity analysis
of model-based pricing functions, our approach uses a conditional generative model
trained on market data to simulate realistic market scenarios given current market
conditions, and computes hedge ratios that minimise risk across these scenarios. This
optimisation procedure enables the automated selection of hedging instruments, and
allows for the incorporation of transaction costs and market impact.

The result is a fully data-driven method for implementing hedging strategies:
market data is used to train a generative model, which is then employed to compute
hedge ratios. Opting for conditional variance minimisation, as opposed to more
general risk measures, leads to linear hedge ratios which are easily computable via
linear regression. We illustrate the effectiveness of this methodology for hedging
option portfolios using VOLGAN [I34], and compare its performance with delta and
delta-vega hedging.

1.2.4 Chapter [5: ‘FIN-GAN: forecasting and classifying finan-
cial time series via generative adversarial networks’

Although Chapter [ focused on risk management via generative models, forward-
looking scenarios obtained from generative models can also be used for forecasting,

a task typically performed through a supervised learning approach. Since trading
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strategies are constructed based on informed beliefs in the direction and magnitude of
future market prices movements, providing uncertainty estimates and being able to
model the full conditional distribution of future returns are highly beneficial.

However, in a trading context, it is necessary to convert the information encapsu-
lated by the learned distribution of the future returns into actual trades. The two
main approaches to do so are regression-based and classification-based trading. The
former places a trade proportional to the expectation of the forecast. This approach
does not take into account any other distributional information, so a low-confidence
forecast may still lead to large trades.

Instead, the classification approach focuses on the expected direction of the asset
move, i.e. on the expected sign of the forecast. This alternative formulation accounts
for the uncertainty of the forecast. If the probability forecast probability distribution
is equally supported on positive and negative values, there will be no trades. This is
the same approach as the one used in [136], labelled as the weighted strategy.

There is evidence suggesting that classifying the direction of returns can result in
more robust trading strategies [92]. While we opt for the certainty in the direction,
generative models allow for both approaches, by modelling the full conditional distri-
bution of returns, from which directional signals (e.g., expected sign) or level-based
forecasts (e.g., expected return) can be derived.

As we demonstrate in Chapter b, even a GAN that is built for time series forecasting,
such as ForGAN [85], results in mode collapse when trained on equity returns via
the binary cross-entropy loss —, and leads to poor financial performance. To
alleviate these issues, we introduce FIN-GAN, by adapting to the classification setting
of forecasting the directionality of the asset movements. To do so, we introduce a
custom economics-driven loss function for the generator, ultimately placing FIN-GAN
in a supervised learning setting, while still obtaining distributional forecasts through
adversarial training.

We compare our approach with a commonly used deep learning method for
time-series forecasting, LSTM [70], and with a standard time-series model used in
econometrics, ARIMA [131]. We further benchmark our results against long-only
strategies and against the same ForGAN architecture trained via the binary cross-
entropy loss. Additionally, we investigate the effect of the economics-driven loss
function terms on the LSTM, denoting the approach by LSTM-Fin. Although the
loss function is highly beneficial in the adversarial training setting of FIN-GAN, it
actually worsens the performance of an LSTM. This highlights how GANs can benefit

from rich, non-convex loss functions that encode domain-specific structure. Unlike
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standard supervised learning methods (e.g., LSTMs), where such losses may hinder
convergence, adversarial training enables GANs to handle these complexities more
robustly.

An extensive set of numerical results demonstrate that our proposed methodology
attains superior performance on daily stock ETF-excess returns and on daily ETF
raw returns, when compared to ARIMA, LSTM, LSTM-Fin, and ForGAN trained
using the BCE loss.

The aforementioned loss function shifts the generated data distributions, performing
classification and providing uncertainty estimates on the direction of the movement.
In addition, the FIN-GAN loss helps alleviate mode collapse.

Our approach allows for scalability, and potentially modelling of the joint co-
movements of different stocks. We explore the notion of universality, in the spirit of
[125]. We consider 22 different stocks, across different sectors, and 9 sector ETFs,
with each industry sector having at least two different stocks included in the training
data. We train the networks on the data set created by pooling together the data on
all 31 tickers. We perform a similar experiment using stocks that belong to a single
sector (XLP). We test our models both on the stocks included in the training set, and
on stocks not seen by the model during the training stage. We find that even for the

latter category of new stocks, it is possible to achieve significant Sharpe Ratios [124].

1.2.5 Chapter [6; ‘Graph-based ensemble generative mod-
elling for multi-asset forecasting’

While Chapter [5| showcases how a custom conditional GAN might be designed and
trained in a forecasting setting, cross-asset interactions are not addressed. Chapter
[6] develops a scalable ensemble forecasting framework for financial time series that
balances the benefits of stock-specific models and universal settings[125]. Forecasting
in multi-asset settings poses a trade-off: universal models may overlook asset-specific
dynamics, while stock-specific models fail to exploit cross-sectional relationships. To
address this, we introduce a hybrid strategy that leverages cross-asset relationships
through a directed graph-based probabilistic ensemble of generative models.

This framework operates by independently training a generative model on each asset,
then constructing a directed graph that encodes generalisation performance between
models and assets. Using this graph structure, we form meta-generators by combining
probabilistic forecasts from neighbouring nodes, enabling information sharing only

where transfer is empirically validated. This structure captures asymmetric and
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non-stationary relationships between assets, avoiding the rigidity of hard clustering or
pooled training.

We learn the ensemble weights through a sparsity-inducing LASSO-based op-
timisation procedure grounded in financial performance, ensuring interpretability
and scalability in large universes. The resulting meta-generators (generative ensem-
bles) produce full conditional distributions of returns, from which both direction and
magnitude of moves can be extracted. This allows for uncertainty-aware trading
decisions, outperforming baseline approaches including self-forecasting models and
correlation-driven ensembles.

We demonstrate the method using the FIN-GAN framework from Chapter
trained on a large panel of U.S. equities. Our results highlight the benefits of cross-
asset generalisation, outperforming baselines in terms of Sharpe Ratio, successfully

leveraging cross-sectional information.
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Chapter 2

Simulating arbitrage-free implied
volatility surfaces

2.1 Introduction

The possible shapes of implied volatility surfaces are constrained by static no-arbitrage
conditions [47, [57]. While parametric models incorporate these constraints by design,
they often lead to unrealistic or intractable dynamics, and can be computationally
demanding to simulate. In contrast, data-driven approaches, including analytical
factor models that reproduce statistical features of historical data, struggle to enforce
arbitrage constraints in a straightforward way. This creates the need for a methodology
that allows arbitrage-free simulation of data-driven models.

Any option pricing model inherently defines a dynamic model for the implied
volatility surface. However, these dynamics are frequently complex and intractable.
So-called “market models” of implied volatility instead aim to model the surface
directly, targeting the co-movements of implied volatility across strikes and maturities
while preserving no-arbitrage conditions. Achieving this balance has remained a
long-standing and challenging problem in the literature for more than two decades.

Statistical models of implied volatility dynamics [41], [7] are designed to capture
empirical co-movements and other statistical properties of the market data. These
models are computationally efficient and are widely used in risk management applica-
tions. However, they can produce implied volatility surfaces that violate arbitrage
constraints.

In parallel, several analytical models have been developed to satisfy static [58] 3]
99, [147] and dynamic [122] 140} 2], 37] arbitrage constraints. While these models are
theoretically sound, they are often difficult to implement, simulate, or calibrate in

practice.
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In this chapter, which is based on the article [45], we introduce a computationally
tractable method for simulating arbitrage-free implied volatility surfaces that accurately
captures the co-movements of implied volatility across strikes and maturities. We begin
with an empirical analysis of the SPX implied volatility surface, then demonstrate
how our methodology can be combined with a factor model to generate dynamic,
arbitrage-free scenarios.

We provide two illustrative examples: a stylised model using basis functions
representing level, skew, and curvature; and a data-driven model based on principal
component analysis of daily changes in the logarithm of SPX implied volatility surfaces.
Our approach reconciles static arbitrage constraints with a realistic representation of
the statistical properties of implied volatility co-movements. Notably, it is compatible
with deep-learning, data-driven, models that replicate statistical properties of market

data, without requiring strict enforcement of arbitrage constraints during training.

Outline Section introduces notation for implied volatility surfaces and reviews
key properties that market models aim to capture. Section presents an empirical
analysis of SPX implied volatility data, showing that a small number of principal
components explain most of the variation. Section reviews static arbitrage con-
straints and introduces a penalty function to quantify violations. Section proposes
a Weighted Monte Carlo method [6] that uses this penalty function to filter arbitrage-
violating scenarios generated from a base model. Finally, Section illustrates how
this framework can be applied to a factor model of the implied volatility surface, such

as the one introduced in [41].

2.2 Implied volatility surfaces

2.2.1 Properties of implied volatility surfaces

Denote the price of the underlying asset by S, strike price by K, expiry by T, and
current time by t. The implied volatility may be parameterised in terms of moneyness
m = K/S and time to maturity 7 = T — ¢ of the option. The implied volatility
associated with a call option with moneyness m and time-to-maturity 7 on a non-
dividend paying asset .S is the unique value o(m, 7) such that the Black-Scholes price
Cps(S, K, 1,0(m, 7)) matches the market price C'(m, ) of the call:

Ct(m> 7_) - CBS(S7 Ka T, Ut(m> 7_)) = SN(dl) - Ke_TTN(dQ)
_—logm—l—T(r—l—%z) —logm—i-T(r—%Q)

dl— O'\/F d2: 0_\/; 3
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where N is the c.d.f of a standard Gaussian N(0, 1) variable, and r is the risk-free
interest rate. The implied volatility surface oy(m, 7) at date ¢ provides a snapshot of
options prices in the market [57]: specifying the implied volatility surface is equivalent
to specifying the prices of all European calls and puts available in the market, given
the current term structure of interest rates and dividends.

This representation proves to be practical because, typically, there exists a range
of moneyness near m = 1, where options exhibit high liquidity, making empirical data
more accessible.

The possible shapes of implied volatility surfaces are limited by the arbitrage

constraints on option prices [47]. Call prices should be:
e increasing in time to maturity: 0,Cps(S, K, ,0(m, 1)) > 0,
e decreasing in moneyness: 0,,Cps(S, K, 7,0(m, 1)) <0,
e convex in moneyness: 92,Cps(S, K, 7,0(m, 7)) > 0.

These constraints translate to nonlinear inequalities involving o(m, 1), O,0(m,T),
02 0(m, 1), 0-0(m,7) [42]. The resulting constraints on the implied volatility surface
o(m,7) and the appropriate derivatives impose restrictions on the possible shapes.

Empirical studies of the behaviour of implied volatilities of exchange-traded options
on various market indices (SP500, FTSE, DAX and others) point to many common
statistical properties across markets [7, [41], which we summarise here and demonstrate
on SPX data from 2000 to 2021 in the following subsection:

e The implied volatility has a non-flat cross-section, and exibits both strike and

term structure.
e The shape of the implied volatility surface undergoes deformation in time.

e Implied volatilities display high positive autocorrelation and mean-reverting

behaviour.

e Daily variations in the implied volatilities can be satisfactorily explained with a

small number of principal components.

e The first principal component corresponds to an overall shift in the level of all

implied volatilities.

e The second principal component corresponds to a skew factor. It reflects opposite

movements in (out-of-the money) call and put implied volatility.
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e The third and fourth principal components reflect the term structure and the

changes in convexity of the implied volatility surfaces.

e The returns of the underlying are negatively correlated with the projections of
log-increments of implied volatility on the level and skew principal components,

which is a more precise formulation of the so-called ‘leverage effect’.

These dynamical properties of co-movements of implied volatilities and the underlying
have important implications for hedging and should be reflected in any model used
for risk management.

In the remainder of the chapter, we describe an approach which aims to conciliate
computational tractability, arbitrage constraints and realistic dynamics for the surface,

and demonstrate its performance in two examples.

2.3 Case study: dynamics of the SPX implied
volatility surface

We consider a grid (m, 7) with 10 equispaced moneyness values between 0.6 and 1.4,
and 8 time-to-maturity values of 30, 60, 91, 122, 152, 182, 273, 365 calendar days. We
use daily time series of implied volatility for SPX options from the OptionMetrics SPX
Implied Volatility Surface File for the period 2000-2021. Surfaces are interpolated
linearly first in moneyness, and then in time to maturity to yield values on the grid
(m, 7). The average SPX implied volatility profile @ shown in Figure .

We note that the Implied Volatility Surface File is based on a previous interpolation
of listed option prices so may not necessarily be arbitrage-free, as already noted in
[37]. We perform principal component analysis on the daily changes in the logarithm

of the implied volatility surface
Yi(m, 1) = log oy (m, T) (2.1)

using a Karhunen-Loeéve decomposition [41]. We denote by f; the eigenvectors of
the covariance operator of AY; = Y, a¢ — Y; ordered by decreasing eigenvalue. Each
eigenvector may be represented as a function (m,7) — f;(m,7) of moneyness and

time to maturity. We project Y; — Y, where Y = log @(m, ), onto the eigenbasis:

k
Yi(m,7) =Y (m,7)+ > X;fi(m,7) + &(m, 1), (2.2)

=1
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where
Xi=(-Yf = Y (Ylmn)-Ymn)fimr) (23

(m,7)E(m,T)
and €,(m, 7) is the projection error. The rank-k approximation of implied volatility

dynamics is given by

i=1

oi(m,T) =~ a(m,T)exp [Z X! fi(m, 7')] : (2.4)

Mean implied vol surface

implied vol

Figure 2.1: Average SPX implied volatility surface (2000-2021).

2.3.1 Principal component analysis

To determine the number k of significant factors we consider the eigenvalues of the
correlation matrix of the daily log-variations in the SPX implied volatility surface AY;

and compare them with the corresponding Marcenko-Pastur threshold A, [7, [50]:

- (3
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where N is the number of points on the grid (N = N,,,N,), and M is the number of
observations. We treat the eigenvalues below A, as statistically insignificant.

As shown in Figure 2.2] there are k = 4 eigenvalues clearly above the Marcenko-
Pastur threshold. The first four principal components of the daily changes in the log
SPX implied volatility surface explain over 90% of the variance in the corresponding
data.

Top 20 eigenvalues of the correlation matrix

10!

Eigenvalue

10° °

0.0 25 5.0 75 10.0 12.5 15.0 17.5
Rank

Figure 2.2: Eigenvalues of the correlation matrix of the daily changes in the log SPX
implied volatility surface and the Marcenko-Pastur threshold A, (in red).

PC1 PC2 PC3 PC4 PC5h

Variance explained 68.88% 12.17% 5.67% 2.86% 1.41%

(covariance)

Cumulative variance — ¢q gg0r 89 059 87.72% 90.59%  92.00%

explained (covariance)

Cumulative variance 61.39% T76.67% 81.88% 85.18% 86.96%

explained (correlation)

Table 2.1: Variance explained by the first five eigenvectors of the covariance and the
correlation operator of the daily log returns of SPX implied volatilities.

The first four eigenfunctions are shown in Figure 2.3 All four significant principal
components fi, f2, f3, f1 (Eqn. (2.4))) have natural interpretations:
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e The first principal component can be interpreted as the average level of implied
volatilities. A positive shock along this mode would result in a global shift in

implied volatility.

e The second principal component corresponds to the skew. Shocks along this
direction result in opposite movements in out-of-the-money call and put implied

volatilities.
e The third principal component reflects the term structure of implied volatilities.

e The fourth principal component can be interpreted as curvature. A positive
shock along this mode would have an opposite effect on the implied volatilities
close to the money and on the far out-of-the-money and in-the-money implied

volatilities.

Projections of Y;(m,7) — Y;(m,7) onto the first four principal components X7,
(i=1,...,4) (defined by Eqn. (2.3))) are shown in Figure[2.4 All processes exhibit
high positive autocorrelation and mean-reverting behaviour with a period of mean
reversion of several months. The ACF and PACF of X/ are shown in Figure As
shown in Figure the autocorrelation functions decay exponentially, suggesting that
they can be modelled as Ornstein-Uhlenbeck/AR(1) processes, as already observed by
[41].

Correlations of daily increments AX; = X/, ,, — X/ (i = 1,...4) and the log-
returns of the underlying R; = log S;1a¢ — log S; over a two-year rolling window are
shown in Table [2.2] We note that the log-returns R; are negatively correlated with
AX} AX? AX} while there is a positive correlation between the log-returns and the

increments of the term-structure process AX?.
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First principal component (log implied vol increments)
Second principal component (log implied vol increments)

0.20
0.15
PC1
010
0.05
ETRE 13 14
0o b
1.0 06 0.7 0.8 m
(a) Level (b) Skew

Fourth principal component (log implied vol increments)

Third principal component (log implied vol increments)

1.0

06 07
08 09 4, 11
m 12 13,

(¢) Term structure (d) Curvature

Figure 2.3: The first four principal components of the daily changes in log SPX implied
volatility surface.
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Projection processes X}, X2, X2, X}

!
~

2000 2004 2008 2012 2016 2020

Figure 2.4: Principal component processes X}, X2, X3, X!

Figure 2.5: Autocorrelation and partial autocorrelation of the log implied volatility
projection on the first principal component. The autocorrelation function (above) in
logarithmic scale shows an exponential decay characteristic of OU processes.

Correlation between R; and ~ AX} AX}? AX} AX}
Long-term —38.21% —25.64% 26.42% —26.39%
Rolling: mean —48.83% —37.75% 31.60% —32.63%

Table 2.2: Long-term and 2-year rolling daily correlation between the log-increments
of SPX and the increments of X}, X2 X3 X! (Eqn. (2.3)).

2.3.2 Relationship with the VIX

The CBOE Volatility Index (VIX) is constructed as a nonlinear combination of out-of-
the-money tradable calls and puts with one month to expiry [25, 22]. We investigate
the relationship between the VIX and different variables of interest by considering the
historical closing VIX prices available on the CBOE website. Figure displays the

correlations between the log returns of VIX, one-month at-the-money SPX implied
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volatility, SPX and the increments of the level process X! over a rolling 2-year window.
We note a high positive correlation between the level movements and the log-returns
of VIX and ATM vol. Similarly, the returns of the underlying are negatively correlated
with the increments of the level process (Table , log-returns of VIX and with the

log-returns of the ATM vol. Correlations increasing in magnitude from 2006 onwards.

Pearson correlation (2-year window)

0.50

—— AlogS; and AX}
™ AlogS; and Mog(of™)
A o —— AlogS; and Alog(a}™)
0.00 9 —— AX{ and Alog(af™)
A —— AX{ and Alog(af™)

—— Alog(of™) and Alog(oy™)

0.25

Pearson correlation

-0.25

-0.50

-0.75

2004 2008 2012 2016 2020
Date

Figure 2.6: Correlation over a 2-year window between daily changes in the level process
X} and daily log-returns of one-month ATM vol, VIX, and SPX.

The one-month realised volatility &, is estimated as

20

. 21
0y = 2—52233_mt- (2.5)

1=0

Figure shows that the realised volatility is usually below the implied volatility.
The average ratio of realised volatility to ATM volatility is 0.59, with a standard
deviation of 0.209 (Figure [2.7).
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Figure 2.7: Above: SPX realised volatility (blue), one-month ATM volatility (orange)
and VIX (green). Below: ratio of VIX to one-month ATM volatility (blue) and ratios
of 21-day realised volatility to one-month ATM volatility, VIX to ATM volatility, and
VIX to realised volatility.

2.4 Static arbitrage constraints

We now consider shape constraints on the implied volatility surfaces arising from static
arbitrage inequalities [47]. We are interested in a realistic setting where only a finite
number of options are available. We fix a grid in moneyness and time to maturity
(m,T) = (M4, Tj)iz=1....Npij=1..N,, With m; < m;; and 7; < 7;4; for all 4, j. Using the
notation introduced in Section denote by

1
c(m,7) = ECBS(S’ K,7,0) = N(dy) —me ""N(dy)

the relative call price, which is a dimensionless quantity with 0 < ¢(m, 1) < 1.

2.4.1 Arbitrage constraints and arbitrage penalty

As shown by Davis and Hobson (Corollaries 4.2 and 4.3 in [47]), absence of static
arbitrage among options with strikes and maturities defined by (m, ) is equivalent

to the following three conditions:

1. Absence of calendar spread arbitrage:

c(mi, ) — c(mi, 7j41)

T <0, 2.6
’ T+l — Tj B (26)
forj=1,...,.N,—landi=1,...,N,,.
2. Absence of call spread arbitrage:
C(mi‘i'l? T]) — C(mi7 T]) < 0 (27)

miy1 — My

fori=1,...,N,—1land j=1,...,N,.
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3. Absence of butterfly spread arbitrage:
c(mi, ) — c(mi—1,75) (Mg, 75) — c(mi; 7)
m; —m;—q mie1 — My
fori=2,..., N,—1land j=1,...,N,.

<0 (2.8)

Conversely, a non-zero positive part of the left-hand side of these inequalities
indicates the presence of static arbitrage. We investigate whether an implied volatility
surface o(m, T) is arbitrage-free by considering the inequalities , and .

Hence, for an implied volatility surface o(m, 7), we define the arbitrage penalty
® (o(m,T)) as

®(o(m,7)) =pi(c(m, 7)) + p2(o(m, 7)) + ps(o(m, 7)), (2.9)
where
Al c(mi, i) — e(mi, mi01)\ *
pi(o Z ( i) AR ) , (2.10)
i=1 j=1 TJ+1 _T]
NT . . +
otz = 33 () ) 21
i=1 j=1 Mit1 = Ny
N, +
mi, T c(mi_1,7; c(mip1, ) — c(my, 75
p3 < ])_ ( 1 ]) - ( +1 A])_ ( J)) ) (212)
i=1 j=1 m;— mi4q m;

The quantities pi, p2, p3 correspond to deviations from the calendar, call, and
butterfly spread arbitrage constraints, respectively. They are the positive parts of the
left-hand sides of the inequalities , , and . If p1, po, p3 are all equal to
zero, there is no arbitrage. Conversely, if any of p1, ps, p3 are non-zero, then there is

arbitrage present in o (m, 7). Therefore,
¢ (o(m, 7)) =0 < o(m,T) is arbitrage-free.

We introduce the N,, - N, penalty matrices P;, P, P3 defined as

(P)is — (ch(mz‘aTj) — C(mi,7j+1)>+7 (P — (C(mmﬁj) - C(miaTj))+

Ti+1 — Tj My — My

(Py)i; = (C(miaTj) — c(mi_1, 7)) _ c(miy1, 7)) — c(miaTj))Jr’
’ m; —m;—1 Mip1 — My
with the appropriate endpoints being set to zero: (Py);n, = 0 for i = 1,... N,
(P)n,,; =0, (P3)n,,; = (P3)o; =0 for j =1,...,N;. The arbitrage penalty may
then be expressed as the 1-norm of the matrix P, + P, + Ps:

N,

O(o(m,7)=> Y (Pi+ P+ D), =P+ P+ P
i=1 j=1
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Remark 2 (Extension to swaption implied volatility cube). When working with
swaptions, for every tenor T there is an implied volatility surface o*(m, 7). Hence,
one could calculate the arbitrage penalty for each possible surface (across all of the
available tenors) in order to reach an aggregated penalty for the swaption implied
volatility cube. That is, suppose that we have available tenors TV, ..., T4. Then we may

define the arbitrage penalty for the swaption implied volatility cube {of(m,T)}az1. 4

by

' ({of(m, T)}am1..a) = Y ®(a7(m, 7)), (2.13)
or by
O*({oi(m, T)}am1..4) = max O(oy(m,7)). (2.14)

2.4.2 Behaviour of arbitrage penalty under perturbations

To gain intuition about the properties of arbitrage penalty we investigate its
behaviour under perturbations of an arbitrage-free implied volatility surface by i.i.d.
noise and parallel shifts. In the numerical results below, the initial implied volatility
surface is taken to be the SPX implied volatility surface on 31/12/2021.

Addition of i.i.d. noise We sample 10,000 implied volatility surfaces by adding
i.i.d. noise (i.e. independent across strike and maturity) with a standard deviation
of € = 0.001 to the initial arbitrage-free SPX implied volatility surface. We observe
that 23% of generated surfaces exhibit butterfly spread arbitrage. The mean butterfly
arbitrage penalty matrix Ps is displayed in Figure We note that violations occur

only for far from the money, long-dated options.

(a) Mean effect of adding noise. (b) Sample parallel shift effect.

Figure 2.8: Butterfly penalty matrices (P3) arising from noise and parallel shifts.
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Parallel shifts Rogers and Tehranchi [116] showed that moving implied volatility
surfaces by parallel shifts will eventually result in configurations with static arbitrage.
We explore this phenomenon quantitatively by adding a parallel shift to an initial
arbitrage-free implied volatility surface and testing for static arbitrage. The absolute
value of the largest negative shift is taken to be smaller than the smallest implied
volatility value, guaranteeing non-negativity. The effect of parallel shifts on the
arbitrage penalty are displayed in Figure[2.9; arbitrage constraints are violated for large
enough positive shifts, and the arbitrage penalty grows linearly thereafter. For such
large shifts, the constraint which is violated is convexity. A sample butterfly arbitrage
penalty matrix Pj is displayed in Figure 2.8bl These results give a quantitative

perspective on the results of Rogers and Tehranchi [116].

Parallel shift

0.005

0.004 +

0.003 -

penalty

0.002

0.001 -

0.000 -

shift (%)

Figure 2.9: Arbitrage violations induced by parallel shifts on SPX implied volatility
surface (31/12/2021).

2.4.3 Arbitrage penalty in SPX implied volatility data

Data sources on implied volatility, such as OptionMetrics, are often interpolated from
actual market quotes, a procedure which may itself introduce static arbitrage. This
has been previously noted by several studies, see e.g. [37]. We study this phenomenon
using daily SPX implied volatility surfaces from 2000 to end 2021. We observe non-
zero arbitrage penalties, with a decomposition displayed in Figure and Table
90.5% of dates display no calendar arbitrage, 97.3% display no call spread arbitrage
and 84.9% no butterfly arbitrage. Overall 80.2% of the observations correspond to
abitrage-free surfaces.

We observe a number of spikes in arbitrage penalties. The two largest spikes
happen on 29/09/2008 (during the 2008 financial crisis) and on 13/03/2020 (the start
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of the Covid-19 pandemic). Figure[2.10]shows that the majority of arbitrage violations
happen during the 2008 financial crisis and during the start of the Covid-19 pandemic.
For comparisons, the calendar, call, and butterfly arbitrage penalty matrices Py, Ps, P3
on dates 29/09/2008 and 13/03/2020 are displayed in Figures 2.12] and
respectively. This also shows that before using such data as input for model calibration,

it needs to be ‘cleaned’. Our observations concur with those of Cohen, Reisinger and
Wang [34].

Penalty Median 90th quantile 95th quantile 99th quantile
Total ¢ 0 0.075 0.13 0.5
Calendar spread p; 0 0 0.002 0.038
Call spread p, 0 0 0 0.009
Butterfly spread p3 0 0.01 0.06 0.458

Table 2.3: Quantiles of arbitrage penalties for SPX options.

Arbitrage penalty
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— butterfly
304 call

—— calendar
2.5 1
2.0
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1.0
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T T T T T T
2000 2004 2008 2012 2016 2020

Figure 2.10: Arbitrage penalty decomposition for SPX options.
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Figure 2.11: Calendar spread arbitrage (P1) for SPX options.

(a) 29.09.2008. (b) 13.03.2020.

Figure 2.12: Call spread arbitrage (P2) for SPX options.
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Figure 2.13: Butterfly spread arbitrage (P3) for SPX options.
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2.5 Penalising static arbitrage

2.5.1 Penalisation via scenario reweighting

Our starting point is a baseline model P for implied volatility surface dynamics, which
correctly captures the co-movements and statistical properties of implied volatilities
and the underlying asset, but may not necessarily be arbitrage-free. For example, this
may be a factor model based on PCA, such as [7, 41].

We are interested in generating market scenarios over a time grid T = {0, ..., €4z }-
Py may be a discrete-time or continuous-time model. For ease of notation, we will
continue to denote by Py the joint law of the variables (S;, oy(m, 7),t € T) under P,.

Our idea is to penalise arbitrage along the paths generated by Py by ‘tilting’ the
probabilities associated with such paths. We choose 5 > 0 and define a new probability
measure Ps on the space of market scenarios by

() = &P (=8 Lier O(or(m, 75 0))) (2.15)

Z(P)

dP;
dP,

where Z(3) is a normalisation factor:

exp (—BZCD (O‘t(m,T))>] : (2.16)

2(8) = EF

teT

If the baseline model Py is arbitrage-free then ®(oy(m, 7)) = 0 Py-almost surely
so Z(B) = 1 and Py = Py. If, however, Py generates surfaces which violate static
arbitrage constraints, then the change of measure penalises such scenarios, and
may be thought of as an importance sampling method which penalises static arbitrage
violations. This penalisation increases if we take large § and as  — oo we reject
all scenarios violating static arbitrage constraints. Thus one may think of 1/3 as a
‘tolerance’ for static arbitrage.

Note that P is absolutely continuous with respect to Py so we are keeping the same
paths but re-weighting them. In the case where the dynamics of variables are given
by stochastic differential equations driven by Brownian motion, Girsanov’s theorem
implies that the re-weighting will impact the drift, but not the quadratic covariation
of the variables. However, our approach does not assume that variables are driven by
Brownian motion factors, and may be applied in a more general setting. Indeed, the

whole procedure also makes sense for a discrete-time time series model.
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2.5.2 A ‘Weighted Monte Carlo’ approach

We now propose a method for sampling from Pz, using a Weighted Monte Carlo
approach [6]. We proceed as follows:

e Simulate N independent paths (w;,7 = 1,..., N) from Py. Each path corresponds

to the joint evolution of the underlying asset and the implied volatility surface:

Wi = (St(wi)a Gt<m7 T7wz)7t € {07 s atmaa:})

e Compute the arbitrage penalty ¢(w;) along each path:

o(w;) = Z O(oy(m, T;w;)). (2.17)

t€{0,....,tmax }

e Associate a weight w;() with each path:

o ex(—Belw)
)= S o (Bl S

e Sample from the weighted model IF”ﬁV defined as
Py (w;) =wi(8) i=1,...,N. (2.19)

That is, instead of sampling each simulated path w; with probability %, we

sample it with probability w; (/).

This step-by-step procedure is summarised in Table [2.4f Note that we keep the same
paths but modify their weight. Thus, all quantities computed along the path, such as
realised volatility and realised covariances will remain the same.

As B — oo, w;(B) — 0 as soon as ¢(w;) > 0 so only paths with arbitrage-free
implied volatility surfaces survive for large 5. Hence, B can be viewed as an arbitrage
tolerance parameter.

If the model Py is arbitrage-free, then the re-weighting will have no influence as
for every 8 > 0 we will have w;(f) = N’ implying that P]BV is simply the empirical
distribution associated with the N simulated paths. In the general case, the relative

entropy of Pg with respect to this empirical distribution (i.e. the uniform distribution

on {w;,i=1,..., N} is an indicator of the ‘distance to no-arbitrage’:
N
En(B) = H(PY[PY) = —Nlog N = N Y w;(B)log wi(53). (2.20)
i=1
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When there is no static arbitrage in the scenarios w; generated by Py, then the relative
entropy is zero: Ex(f) = 0. On the other hand, the model Py is far from being
arbitrage-free, the arbitrage penalties p(w;) are large, and the relative entropy Ex(5)
will be large.

Our approach is more efficient than rejection sampling, as we sample a fixed number
of paths, regardless of the initial model Py, so the complexity is of order O(N). If the
scenarios generated by Py are likely to admit static arbitrage, even if the penalty is
small and arises from interpolation, rejection sampling may result in an infinite loop.

The following result, which we state for completeness, clarifies the relation between

the various probability measures involved. We use the notation of Section [2.5.1]

Proposition 1. (1) ]P’g weakly converges to Pg as the number of scenarios N — oo.

(i7) Let U ={w € Q, p(w) = 0} be the set of scenarios free of static arbitrage. If
Po(U) > 0 then, as B — oo, the support of Pz concentrates on U:

Ve>0, Ps({p>e}) =70 (2.21)

Proof. (i) is a consequence of the weak law of large numbers. To show (ii), first note
that if Py is supported on arbitrage-free scenarios, then so is Pg. Hence, suppose
that Py is not supported on the (closed) set U = {w € Q, ¢(w) = 0}. The arbitrage
penalty

cp:wGQHZCI)(Ut;w)

teT
defines a random variable on scenario space and U = {¢ = 0} € F;_. . Note that
since ® defined by (2.9) is bounded, so is . Define

An = {W E Q’ 90(0.)) > ]‘/n} 6 “thax'

Then A =U°¢={p > 0} = N,>14,. If Py is not supported on U, there exists n > 1
such that Py(A4,) > 0.

Ja, exp (—=Bp(w)) dPo(w)
Z(B)

Ps(An) =
Since ¢ =0 on U C A, we have

20) = | exp(=Bo) aBow) + [ dPofw) = o)
Also, since ¢ > 1/n on A,,, we have

/ exp (—BAp(w)) dP(w) < Py(A,) exp(—3/n) = 0 as § — oo.

n
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Hence,
Po(4,) exp(=p/n)
Po(U)

Taking n > 1/¢ yields the result. O

Ps(A,) < — 0 as 8 — oo.

2.6 Factor models for implied volatility dynamics

In order to illustrate our approach, we consider factor models for implied volatility
dynamics as the baseline model Py. We first simulate scenarios from the three-factor
model introduced in [41], and then from a four-factor model for the SPX implied

volatility surface based on our previous analysis in Section [2.2]

2.6.1 Example: a stylised factor model for implied volatility

We first consider a three-factor model for implied volatility dynamics introduced in
[41], based on a Karhunen-Loeve decomposition of co-movements in implied volatilities.

The evolution of implied volatility surface paths in this model is given by

o(m,T) = oo(m, T) exp (xtlfl(m, 7) 4+ 2t fo(m, 7) + 2} f3(m, 7')) (2.22)

where the factors z}, 2%, 23 correspond to level, skew and curvature, as projections on

principal components with the analogous representations [41]. Their dynamics are

modelled as independent Ornstein-Uhlenbeck processes:
day = N (o — 2}) dt + ~dW}, (2.23)

where W} are independent Brownian motions. The basis functions fi, fo, f3 are the
first three principal components of the log-implied volatility surface. The price of the
underlying asset S is modelled as a diffusion with stochastic volatility o4(1,0), which

corresponds to the short-term at-the-money implied volatility:
dS, = 0(1,0)S,dW?, WP = pW}! + /1 — p? By, (2.24)

where p < 0 and B is a Brownian motion independent from W* i = 1,2,3. The
increments of the first factor x; are negatively correlated with the returns of the
underlying asset: cov(W2, W}) = pt < 0. We use p = —0.5 and 7 = 0 as an example.

Given that this model is based on a principal component analysis of market data,

the simulated paths correctly capture the covariance structure of implied volatility
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INGREDIENTS
e ‘Baseline model’ Py for implied volatility surface dynamics.
e Time grid T={0=1ty <t; < -+ < tpaz}-

e Moneyness and time to maturity grid (m, ) = (m;, 7;)i=1

..... Nonij=1,...N-
e Number of paths N.
e Arbitrage penalty parameter g > 0.
Step 1: Simulate N independent scenarios w;,7 = 1,..., N from the baseline model

Py. Each scenario w; represents a joint evolution of the underlying asset S; and the
implied volatility surface o;(m,7) for t € {0,. .., ta}:

Wi = (St(wi)7 at(ma Tawz)a t e {th s 7tma:v}) .

Step 2: For each simulated path o (m, 7)’, compute the arbitrage penalty
p(wi) =Y O(or(m, T5wi) ).
teT

Step 3: If p(w;) =0foralli=1...N — STOP, else.
Step 4: Compute the weights

exp(—fp(wr)
S exp(— ()

Step 5: Compute the relative entropy Ey(3) = H(PY |Py).
Step 6: Sample the scenarios w;,i = 1,..., N with probability w;(5):

Py (wi) = wi(B).

w;(B) =

Table 2.4: Weighted Monte Carlo for implied volatility scenarios.
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co-movements. Furthermore, the functional form of the implied volatility surface
guarantees smoothness of the surface and continuity of simulated paths.

In the first example, we suppose a; = 0,7; = 1 and use the coefficients \; given in
[41] for the SPX implied volatilities to drive the level, skew and curvature processes
x},z2 3. The basis functions are based on the first three main components of the
market data and are shown in Figure The initial surface oy was taken to be the
arbitrage-free SPX implied volatility surface on 31/12/2021.

(b) fa(m,T)

Figure 2.14: Basis functions fi, fs, f3 corresponding to level, skew and curvature used

to simulate scenarios from the factor model ([2.22)-(2.23))..

As shown by Rogers and Tehranchi [I16], an affine factor model such as —
(2.23) may violate static arbitrage constraints, so we apply the weighting procedure
described in Table 2.4, We simulate N = 100,000 3-month scenarios from the factor
model —.

Among these scenarios, 64.8% were arbitrage-free. However, even when the
arbitrage penalty of a simulated path was non-zero, it was much lower than that
of SPX implied vol data. Quantiles of arbitrage penalties across different Py are
displayed in Table When comparing the arbitrage penalty quantiles to those of
SPX implied volatility displayed in Table [2.3] it is important to note that the factor
model arbitrage penalties are calculated for paths, whereas the SPX market data
arbitrage penalties are for individual surfaces only. In the scenarios generated by
the factor model —, only butterfly arbitrage was observed. All simulated
implied volatility surfaces satisfied the absence of calendar and call spreads. The
pattern of violations in the butterfly constraint resembles the violations induced by
the addition of i.i.d. noise perturbations in Section [2.4

Table displays the quantiles of the arbitrage penalty ¢ defined by under
IP’g . To compute the ¢-th quantile of the arbitrage penalty under IP’éV , we sort the
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scenarios in increasing order of arbitrage penalties p(wn)) < @(we)) < -+ < p(wny)-

The ¢-th quantile is then estimated as:

J
F ' (q) = (o), k=min{je{l,... . N}:> wlwy) >q}. (2.25)
=1
J6] 0 102 103 104 10°
90th quantile 0.044 0.001 0 0 0
95th quantile 0.09 0.004 0.0001 0 0
99th quantile 0.206 0.014 0.001 0.0004 0

Table 2.5: Quantiles of arbitrage penalty under IP’]BV in scenarios simulated from the

factor model ([2.22))-(2.23)).

As we increase 3, we are less and less likely to sample a path with non-zero arbitrage
penalty. Table shows that with 8 = 10°, 99% of scenarios are arbitrage-free. In
this example, for 8 = 10'%, we are left with arbitrage-free paths only.

Figure shows the relative entropy £(f) = H(PJ|Py’) as a function of f.
We observe a sharp transition around B = 100, suggesting that for 3 > 102 the
penalisation eliminates scenarios with arbitrage.

The histogram of weights w;(10?) (Figure illustrates the clustering of weights
into two groups: those corresponding to arbitrage-free scenarios, which are equally
weighted, and those corresponding to scenarios with arbitrage penalty ¢(w;) > 0 whose
weights are driven very close to zero. We note that even with 3 = 102, some of the
weights are already very close to zero.

We conclude that for the factor model — the impact of the penalty step

is small in terms of entropy distance.
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Figure 2.15: Relative entropy H(PJ[Py) in (2.22)-(2.23) as a function of f.
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Figure 2.16: Histogram of Nw() with g = 10% in (2.22))-(2.23).
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2.6.2 Example: factor model for the SPX implied volatility
surface

We now give an example of a factor model for the SPX implied volatility surface based
on the findings from Section As in the factor model (2.22)-(12.23)), we consider the

following dynamics:

oi(m, ) =a(m, T)exp (Z zl f;(m, 7')) : (2.26)

i=1

where the factors x}, 22, 23, x} in this case correspond to level, skew, term structure and

curvature, as projections on principal components with the analogous representations.

Their dynamics are once again modelled as independent Ornstein-Uhlenbeck processes:
dry = N (o — af) dt + ydWy, i=1,....4. (2.27)

The underlying asset S is modelled as a process with stochastic volatility proportional

1
to the one-month ATM volatility o:(1, ﬁ)’ as discussed in Section [2.2

1
dSt =V 0¢ (1, E) StthO, (228)

WP = oW+ p2 W7+ ps W7+ pa W' + \/1 — (P} + B +p3+0D) B, (2:29)

where v > 0, p1, p2, ps <0, p3 >0 and B,W% i=1,...,4 are independent Brownian
motions.

The factor model — may be adapted to any underlying asset. We
demonstrate the approach for SPX options, by using as factors the first four principal
components displayed in Figure for f1, fo, f3, f2. We estimate a;, A\;, 5,0 =1,...,4
via a Generalised Method of Moments (GMM), using the first two moments and the
autocorrelation function at various lags as moment conditions. Estimates are shown
in Table . We set v = % and the correlations p;, @ = 1,...,4 to be the historical

correlations from Table 2.2

A Q@ ~

X! 2018 —0.422 4.414
X? 098 —0.312 1.993
X? 1.258 0.097 1.295
X} 1497 —0.021 0.824

Table 2.6: Estimated OU parameters for SPX implied volatility factors.
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As in the previous example, we simulate 100,000 3-month paths from the model
—, using the above hyperparameters. The initial surface is the average SPX
implied volatility & (Figure , and the starting values for the level, skew, term
structure, and curvature processes are those observed on 31/12/2021. The percentage

of paths and surfaces admitting a non-zero arbitrage penalty is shown in Table

Total  Calendar Call Butterfuly

Paths 62.761% 21.245% 36.548%  36.548%
Surfaces 16.055%  4.004%  9.117% 7.073%

Table 2.7: Arbitrage presence in scenarios from the SPX factor model ([2.26))-(2.27).

The relative entropy, shown in Figure [2.17], exhibits a sharp transition around
£ = 10 indicating that the penalisation efficiently eliminates scenarios with arbitrage.
The effect of § on arbitrage penalty is shown in Table 2.8 The arbitrage penalty in
simulated scenarios is much lower than the historically observed penalties in the SPX
implied volatilities (Table , considering that the penalties in Table correspond
to 3-month paths. It becomes negligible with 8 = 102, and arbitrage is effectively
removed for 8 > 10% in this example. Furthermore, we note that the quantiles of
the arbitrage penalty in the SPX model — (Table decay faster with g
compared to the corresponding quantiles in the factor model — (Table .

Relative entropy
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=y ]
= 30000
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102 10! 104 107 1010 1083 1016 101

Figure 2.17: Relative entropy H (P} |P{’) as a function of 8: SPX factor model (2.26)-
@.27).
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B 0 102 10 10¢ 1010 10%°

90th quantile 0.20 5-10=° 5-1071° 2.10°13 0 0
95th quantile 0.77 0.002 2-1077 3-107% 4-107% 0
99th quantile 4.49 001 3-1077 2-107° 1-107'' 4.107'¢

Table 2.8: Quantiles of arbitrage penalty under IP’éV for SPX factor model ([2.26))-(2.27)).

Simulating the volatility index We simulate the VIX dynamics associated with
the SPX four-factor model (2.26))-(2.28) using the CBOE methodology [25], 22]. We fix
the moneyness grid by taking 100 equispaced values between 0.5 and 1.5. We simulate
10-year VIX and SPX paths using a frequency of one day At = % with the average
SPX implied volatility surface, and the SPX price on the 31st Dec 2021 as the starting
point. The remaining hyperparameters are as in the previous simulations. Figure
displays simulated sample paths for the underlying and VIX. We note that the
model — is able to produce high VIX values as historically observed during
the 2008 financial crisis and during the Covid-19 pandemic. Figure displays
simulated paths for one-month realised vol, one-month ATM volatility and VIX. We
note that the VIX and the ATM volatility are higher than the one-month forward
realised volatility. The ATM volatility is usually below the VIX in the simulations,
which is consistent with the post-pandemic dynamics (Figure .
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Figure 2.18: Simulation of a 10-year scenario for VIX (red) and SPX (blue) using the

SPX factor model ([2.27))-(2.28)).
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Figure 2.19: Simulation of VIX (red), ATM volatility (green), and the 30-day realised
volatility (purple) using the SPX factor model ([2.27))-(2.28)).

We further investigate the relationship between the simulated values of VIX,
ATM vol, SPX, and the level process. Pearson correlation between the simulated
log-increments of SPX, ATM vol, VIX, and the increments of the level process is
shown in Table We note that the log-returns of the underlying are negatively
correlated with the increments of the level process, the log-returns of ATM vol, and
the log-returns of VIX. There is a high positive correlation between the log increments
of the ATM vol, VIX, and the increments of the level process. This is consistent with

the historical correlations shown in Figure

AlogS; AX}! Alogof™ Aloga)!X
Alog S, 1.00 —0.45 —0.31 —0.30
AX! | —0.45 1.00 0.96 0.94
Alog o™ | —0.31 0.96 1.00 0.99
Aloga)X | —0.30 0.94 0.99 1.00

Table 2.9: Pearson correlation between simulated values of log-returns of SPX, returns
of the level process, log-returns of the ATM vol, log-returns of VIX using the SPX

factor model ([2.27))-(2.28)).
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In Figure we compare the historical (2012-2021) and the simulated joint
distribution of the log-returns of SPX and of VIX. The means of the two distributions
align, and the corresponding marginal distributions of the simulated and historical
values are close to each other. However, we note that as the historical correlation
between the log-returns of SPX and of VIX is non-constant (Figure , the joint
distribution changes through time as well. The correlation between the log-returns
SPX and VIX being lower in the simulations than in the 2012-2021 historical data
(Figure can be contributed to the correlation p; used in simulations being lower
than the average historical daily correlation of R; and AX} for the time period 2012-
2021 (Figure 2.6). Overall, we conclude that the four-factor model (2.27)-(2.28) is
able to generate realistic scenarios for VIX, consistent with the historical observations.
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Figure 2.20: Joint distribution of log-returns of VIX and the log-returns of SPX in

simulations via the SPX factor model (2.27)-(2.28)) and in the historically observed
data (2012-2021).

We therefore have a scalable, explainable model for implied volatility surfaces,
which correctly captures the co-movements of implied volatilities, is tractable, and

when combined with our Weighted Monte Carlo approach, is arbitrage-free.
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Chapter 3

Vol(GAN: a generative model for
arbitrage-free implied volatility
surfaces

3.1 Introduction

Building on the statistical analysis and modelling framework of Chapter [2] this chapter
introduces VOLGAN, a fully data-driven generative model designed to simulate
arbitrage-free implied volatility surfaces. Chapter [2| identified key stylised facts
and structural constraints, such as static arbitrage conditions, that any realistic
model must satisfy. Instead of explicitly constructing a parametric model to enforce
these properties, as previously done, we now pursue a learning-based approach. We
investigate whether a conditional generative model can learn the complex dynamics
of implied volatilities directly from market data, while remaining consistent with
financial constraints and adaptive to changing market conditions.

One of the biggest hurdles in using generative models for the task of implied
volatility modelling has been satisfying the no-arbitrage constraints. While studies
such as [37] opt for neural-SDEs and impose strict conditions on the drift coefficients,
the arbitrage-scenario re-weighting [45], introduced in Chapter , allows for a much
richer class of generative models to be used in this setting.

As outputs from a data-driven model may not be all arbitrage-free, it is necessary
to quantify potential violations and correct for them. The arbitrage penalty
allows for precisely this. Furthermore, if the generative model is trained on market
mid-prices, there might be periods of time (such as during the Covid-19 pandemic)
during which the arbitrage penalty of the actual implied volatility data is non-zero, as

shown in Chapter 2] During such periods, it might be very unrealistic, or unfavourable,
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to produce arbitrage-free mid-prices, when the market input mid-prices are not. Of
course, if the generative model is not appropriate, the arbitrage penalty of its outputs
will be very far away from the arbitrage penalty of its inputs.

The arbitrage scenario re-weighting described in Table [2.4] can be viewed as a
safety switch, which is applied after training. When paired with a generative model
capable of reproducing the market dynamics, it represents a powerful tool that allows
decoupling the training of the generative model and handling the arbitrage constraints.
Furthermore, in some instances, it might be favourable to opt for raw outputs of the
generative model, rather than opting to reduce the levels of static arbitrage. Hence,
the methodology from Chapter 2 allows a generative model to both replicate the
market as it is, and to separately ensure the no-arbitrage constraints. If a model
were to be trained to strictly satisfy the no-arbitrage constraints, the simulated values
would be very far away from the real data during periods of market turbulence. Our
approach allows a seamless switch between different regimes and goals, whether it is
more accurate forecasting, or ensuring that the no-arbitrage constraints are satisfied.

This chapter, based on the article [I34], introduces VOLGAN, which is a custom
generative model based on conditional GANs [60)], T03], capable of simulating next-day
scenarios for the implied volatility surface and the underlying, given today’s implied
volatility surface, the last two returns of the underlying, and realised volatility. We
train it on the historical time series of options on S&P500 index, and carefully study
the statistical properties of the learned dynamics. We show that VOLGAN learns
the co-movements of implied volatility and the underlying, adapts to the changing
market regimes, and produces correct relationships with the CBOE volatility index
(VIX) [25].

Outline. Section [3.2] introduces VOLGAN. Section [3.3] demonstrates its ability to

learn implied volatility dynamics.

Code availability. The code used to implement VOLGAN is publicly available at
https://github.com/milenavuletic/VolGAN.

3.2 A generative model for implied volatility sur-
faces

VOLGAN is a customised conditional generative adversarial network with a smoothness

penalty incorporated into the generator’s loss function, combined with scenario re-
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https://github.com/milenavuletic/VolGAN

weighting applied to the output scenarios [45].
VOLGAN receives as input

e the implied volatility surface at the previous date,

e the two previous underlying returns,

e the realised volatility from the previous period,
and outputs (joint) scenarios for

e the return of the underlying asset and

e the implied volatility surface

for the next period, along with a set of weights (probabilities) associated with these

scenarios. We now discuss the methodology in more detail.

3.2.1 Architecture

Suppose that we have observations at times ¢ € T, in increments of At = 1/252 (1
day), with S; the price of the underlying, and o,(m, 7) the implied volatility surface
on the grid (m, ) at time t. Denote by g;(m, 7) the log-implied volatility surface at

time ¢:
gi(m, ) =logoy(m,7), Ag(m,T) = giyai(m, ) — gi(m, 7). (3.1)

Let R, be the log-return of the underlying:

R, = log <St+“) : (3.2)

St

and denote by v; the one-month realised volatility:

20

252
=5 Z:; R} it (33)

We aggregate Ry a¢, Ri—ont, Vi—at, g:(m, T) into a condition /input vector a:

ar = (Re—at, Ri—ane: Yi—at, g(m, T)). (3.4)

Following the notation introduced in Chapter [I}, the generator G takes as input this con-
dition a; and i.i.d. noise z ~ N(0,I;) and outputs simulated values R,(z), Ag,(m, T)
for the return and implied volatility (log-)increments:

A

G(ag, zt) = (Re(2), Age(m, 7)(21)), (3.5)

o1



We denote by G(ay, 2)|o. = Agi(m, 7)(z) the second component of the generator’s
output, which corresponds to the simulated log implied volatility increment.

The discriminator operates in a classical conditional GAN setting and is trained
via the binary cross-entropy loss . Both the generator and the discriminator
are fully-connected feed-forward neural networks. Their architectures are shown in
Figures and Figure [3.1b] respectively.

Condition
—
a; = Rux Runx VY g,(m,7)
Retun Retum Reatsed vl Log mpled volatty suface
Generator
T o Simulated return of the underlying
g [ 4 [
g .
S g :
2
3 dasal 3 ¢ loy ® dense layer
2 ense layer jense leyer
> @ = @ e
s [ ] () Simulated log implied volatility surface increment
s .
s 3 [ ]
3 3 .
[ J 5
d:32 H:16
activation 1: softplus
activation 2: softplus
(a) Generator.
§
| a;
8 Discriminator
simulation ()
g [
2 ()
£ ° Estimated
H ® "
2 OR iR dense layer R probability that the
= . - inputis drawn from
the conditional
5 [ ) distribution
3 a originating from the
8 t : data rather than from
R a . the generator.
& lata .
-] —
PR activation 1: softplus
g E activation 2: sigmoid 16
~
(o))

(b) Discriminator.

Figure 3.1: VOLGAN network architectures.

3.2.2 Training objective

The core component of VOLGAN is a customised loss function for the generator,
catering to the desired properties of the output volatility surface. A classical GAN
trained using binary cross-entropy (BCE) loss (1.2)-(1.3)) would result in irregular
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surfaces. In order to generate smooth surfaces, we use a smoothness penalty [10, [76]

defined as a discrete Sobolev semi-norm in m and 7 on the grid (m, 7):

(g(m’b 77—‘) - g(m’bT'))Q
Ln(g) =y 0T (O], (3.6)
i |mz’+1 - mz|
(g(m’b’r' ) _g(mivT'))Q
L(g) =) o) Z T 0, g2 (3.7)
ij |Tj+1 - le

These terms are included in the training objective J(@)(6,,0,) for the generator:

J @ (6,4,0,) = —%]E[log (D (a¢, Gla, 25 6);64)) ]
t anE[Ln (gi(m,7) + Glar z:0,)1)] B)
+a.E [LT (ge(m, 1) + Gay, 25 0y)|2:) } )

where a; = (Ry_at, Ri—oat, Vi—ae, gi(m, 7)), as defined in (3.4]). The first term is a
binary cross-entropy for the output of the discriminator, and «,, > 0 and a, > 0
are regularisation parameters. The expectation is computed over the law of the i.i.d.
(Gaussian) input z; ~ N (0, I;). The smoothness penalties L,, and L, are applied to

the simulated log-implied volatility surfaces:
ge(m, 7) + Glar, 21 0g) |2 = ge(m, 7) + Age(m, 7)(z) = ge(m, 7)(z).

It is possible to incorporate the arbitrage penalty (2.9) into the loss function of the
generator (3.8)). However, we have not done so, and our numerical experiments indicate
no notable difference when including it, suggesting that the smoothness penalty is

enforcing shape constraints indirectly.

3.2.3 Scenario re-weighting

The outputs of the generator described above are not guaranteed to satisfy the static
arbitrage constraints described in Chapter[2] To correct for this, we apply the arbitrage
scenario re-weighting methodology [45] to the one-day-ahead scenarios generated by
the GAN.

As outlined in Chapter [2f VOLGAN samples from the target distribution ([2.15)
using a Weighted Monte Carlo approach. Given /N samples from the generator (Rl, o),
i=1,...,N, we compute the arbitrage penalty ®(a"') corresponding to each output
scenario (R, &%) using and sample the scenario (R', &%) with probability

W — ]\?Xp(—ﬂfb(&i)Z . (3.9)
Zj:l exp(—pP(a7))
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These weighted scenarios may then be used to compute expectations and quantiles
of various quantities of interest under Pz. Let X be a function of the state variables,
and let z; be its value in scenario ¢. Denote by Fx g the law of X under P and by

Es [X] its expectation. We can estimate Eg [X] by
N
Ep[X] =) wa, (3.10)
i=1

while the quantiles of X are estimated as

— J
Fyl(q) =z,  where k=min{j € {l,....N}:> wy >q}, (3.11)
i=1
where x(1) < z(9) < -+ < () are the order statistics of y,...,zy.

3.2.4 Numerical implementation

The generator G is a three-layer feedforward dense neural network, with the first
two activations softplus, and the final layer an affine layer. The random input is
(standard) i.i.d. Gaussian noise with dimension d = 32. The first layer consists of
H = 16 neurones, whereas the second layer contains 2H = 32 neurones. Similarly, the
discriminator D is a two-layer feedforward neural network, with softplus and sigmoidal
activation functions and layer sizes of H = 16 and 1, respectively. The discriminator
has a simpler architecture than the generator, as it is of the utmost importance to
keep the two neural networks in balance. The architecture of the discriminator is
shown in Figure and the architecture of the generator is displayed in Figure [3.1a]

The hyperparameters «,,, a, > 0 are chosen by gradient norm matching. We first
train VOLGAN for ng.,q = 25 epochs by performing optimisation via the binary
cross-entropy loss only (classical GAN setting). At each update, we calculate the
gradient norms of each of the three loss function terms in : BCE, L,,, L,with
respect to 6,. We then set a,, and a,, to be the means of observed ratios of the
gradient norms of the BCE term to the gradient norms of the L, and L., respectively.
The gradient norms of the BCE, L,,, L, terms with respect to ¢, during this stage
are shown in Figure We note that all three gradients behave similarly, that
they stabilise over time, and that there is no gradient explosion or vanishing gradient
phenomena.

We then restart training VOLGAN (from the same initialisation used for the start
of the gradient norm matching procedure) with the loss function defined by Equation
for nepocns = 10000 epochs, using an alternating direction method, that is, one
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discriminator update for each generator update. The optimiser used is RMSProp [68],
and the learning rates of both networks are set to 0.0001. We take N = 10000 raw

samples from the generator. The mini-batch size is npgeen, = 100.

\
‘
\M

|

\
.

jorm of the BCE term 1e5 Gradient norm of the L, term

(a) BCE term. (b) Ly, term.

(c) Ly term.

Figure 3.2: Norm of gradient of the BCE term, L,, term, and L, term with respect to
8, during the first stage of VolGAN training. n

Calibration of 5 The hyperparameter 8 might be chosen by considering the
Kullblack-Leibler divergence between the distribution of the weights and the uniform

distribution on the scenarios [45]. Based on the results in [45], we set

500

B(t) = max (@0} (3.12)

where ®;(t) are the arbitrage penalties associated with the generator outputs on day t.
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3.3 Learning to simulate SPX implied volatility
surfaces

To demonstrate VOLGAN’s ability to generate realistic scenarios for SPX implied
volatility dynamics, we train VOLGAN on the daily time series of market data and
examine the properties of the generator thus trained. The same approach might be

applied to other equity options.

3.3.1 Data

Unlike the study in Chapter [2] in this chapter, we are also interested in shorter times to
maturity. Hence, the data is obtained from the Option Prices file from OptionMetrics.
The time period in question is from the 3rd January 2000 to the 28th February
2023, with 3rd Jan 2000-16th Jun 2018 corresponding to the training, and 17th Jun
2019-28th Feb 2023 to the test set. Historical VIX closing prices are available on the
CBOE website. The implied risk-free interest rate for each day is calculated as the
median rate implied by the put-call parity from the option mid-prices. We construct
smooth implied volatility surfaces using the kernel smoothing methodology of [41], 10§].

Our grid (m, 7) consists of m € {0.6,0.7,0.8,0.9,0.95,1,1.05,1.1,1.2,1.3,1.4} and of

. . 1 2 1 1113
times to maturity 7 € { 121 1}, one day to one year. Suppose

that on a fixed day we have available implied volatility data o(m,7) for m € M
and 7 € T, with corresponding values of vega x(m, 7). We consider a vega-weighted

Nadaraya-Watson kernel smoothing estimator with a 2D Gaussian kernel:

ZmGM,TET"i(m7 T)k(m —m/,7 —7")o(m, 1)

ZmeM’TGT k(m,T)k(m —m/, 7 — 1),

(3.13)

where:

21

In order to determine the values of the bandwidth hyperparameters h; and hs, we

1 2 2
o= o[- 2]

sample a day uniformly at random from the first 100 days available (which was 31st
Jan 2000) and find the pair of hyperparameters (h, hy) minimising the arbitrage
penalty. We conduct the search over values between 0.002 and 0.1 (inclusive) in 0.002
increments, for both h; and hy. The minimiser of the arbitrage penalty was the pair
(h1, ha) = (0.002,0.046). The resulting arbitrage penalty over the entire data set after
smoothing is shown in Figure Note that compared to [45] we include shorter

times to maturity and use a different data set.
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Figure 3.3: Arbitrage penalty for SPX implied volatility surface after smoothing.

To simplify the notation, we will use oy(m, 7) for the implied volatility surface
obtained after smoothing, on the (m, 7) grid. As in Chapter |2} for a general o,(m, T),
we first interpolate oy(m, 7) linearly in moneyness, and then in time to maturity.

When extrapolation is necessary, it is linear.

3.3.2 Out-of-sample performance

As discussed in Chapter 2, the main goal of an implied volatility model is to correctly
capture the co-movements of implied volatilities, while satisfying static arbitrage
constraints. We can measure the latter by considering the ‘distance to arbitrage’
using the arbitrage penalty . In order to measure how well VOLGAN learns the
dynamics and captures the co-movements of implied volatilities, we perform PCA on
the generated increments, and compare them with the principal components of the
data increments. Furthermore, we simulate the CBOE volatility index VIX [25] 22],
which is a non-linear combination of tradable calls and puts. We compare the dynamics

of the simulated and SPX implied volatility market data.
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Figure 3.4: Discriminator output score on in-sample and out-of-sample SPX options
data.

3.3.2.1 Detecting extreme market events

Firstly, we note that the trained discriminator might be used for detecting extreme
market events. Figure |3.4] contains discriminator scores on the training and testing
data. Since the discriminator has already been trained, it is of no surprise that the
outputs cluster around 0.5. There are two clusters of points with scores lower than
others: those corresponding to the 2008 financial crisis (in-sample) and to the start
of the Covid-19 pandemic (out-of-sample). In particular, the discriminator assigns a
score below 0.2 to the data from the start of the Covid-19 pandemic, highlighting the

difference in this data compared to the rest of the training and test set.

3.3.2.2 Smoothness and arbitrage constraints

Incorporating the smoothness penalty (3.6)-(3.7]) into the loss function (3.8)) is crucial
for generating smooth surfaces. As shown in Figure [3.5] training via the binary
cross-entropy loss ([1.2)-(|1.3]), using the same architecture, hyperparameters, and the

same number of training epochs, results in irregular surfaces.
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(a) SPX implied volatility surface. (b) Sample VOLGAN output.
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(¢) Sample BCE GAN output.

Figure 3.5: Implied volatility surfaces generated using (b) VOLGAN (c) classical
GAN, compared with (a) SPX implied volatility surface.

As the input surfaces might admit static arbitrage, it is not realistic to expect
outputs to be completely arbitrage-free. What is plausible, however, is for the
outputs to have arbitrage penalties of the same order (or lower) than the inputs.
Table compares out-of-sample arbitrage penalties for SPX implied volatilities and
the outputs of the BCE GAN and VOLGAN with/without scenario re-weighting.
Arbitrage penalties in the BCE GAN samples are observed to be high: this is linked to
the previous observation that BCE GAN fails to generate smooth surfaces, resulting

in failure of static arbitrage conditions, which are linked to derivatives of the surfaces.
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In contrast, VOLGAN outputs have arbitrage penalty levels similar to the input
data. Scenario re-weighting leads to a low probability of selecting scenarios with
static arbitrage, as shown in Figure |3.6] where the reduction in arbitrage is visualised.
The mean, standard deviation, and median values from Table [3.1] correspond to the
statistics of the time series displayed in Figure 3.6 We note that during 2022 there is
more volatility in arbitrage penalty in VOLGAN compared to the remainder of the
test period.

Mean Std Median

Market data 0.0096  0.0628 0.0005
BCE GAN 2.4635 0.9086 2.3164

Raw VolGAN 0.0199 0.088 0.003
(before weighting)

VolGAN 0.0127  0.0620 0.0014
(after re-weighting)

Table 3.1: Arbitrage penalties in SPX implied volatility market data (test set) vs
generated data via GANs trained using (i) BCE loss only (ii) VOLGAN loss (iii)
VOLGAN re-weighted scenarios (adaptive ). Standard deviation and median for
GAN outputs correspond to the standard deviation and the median of (re-weighted)
average outputs given 10000 samples.

Arbitrage penalty

VoIGAN (adaptive B)
VoIGAN (raw, g=0)
Data (target)

0.4

0.2

00 N il it R T R e T . fui s i A

2019 2020 2021 2022 2023
date

Figure 3.6: Distance to arbitrage as measured by the arbitrage penalty (2.9)) in SPX
implied volatility data (red) vs. mean arbitrage penalty of surfaces generated via
VOLGAN, before (blue) and after (green) scenario re-weighting.
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3.3.2.3 Next-day forecasting

We use VOLGAN to generate next-day forecasts using the conditional expectation of
the variable given the history, together with a 95% confidence interval obtained by
considering the 2.5% and 97.5% quantiles for the following quantities of interest:

e index level Sy;
e VIX level o),

e a range of implied volatilities o(m, 7) with

1 1
7'6{

— . —,0.25,0.12 75,1,1.2
555 55 0-25:0.125}, m € {0.75,1,1.25)

Figures [3.7d], [3.7d], [3.7D], [3.7a] compare respectively the 3-month, 1-month, 1-week,
and 1-day ATM implied volatility with the VOLGAN one-day ahead 95% confidence

interval forecast, displaying good agreement with observations. VOLGAN appears to

slightly overestimate implied volatility levels for m > 1 but not for m < 1, as shown
in Figures and [3.7¢

Figure displays the simulated and real SPX returns, showing that VOLGAN
confidence intervals appropriately capture the underlying. We visualise the impact of
scenario re-weighting on the confidence intervals in Figure [3.9, During periods of high
arbitrage penalty, a small number of simulations hold most of the weight, therefore
inducing very narrow confidence intervals. This behaviour is visible not just in the
simulations for the underlying, but for the ATM (m = 1), OTM (m = 0.75), and ITM
(m = 1.25) implied volatilities (Figures [3.7d] [3.71 [3.7¢| respectively). From Figure [3.9]

we note that if arbitrage is not penalised (6 = 0), the forecasts are more accurate,

including for March and April 2020. However, choosing to use the raw generator might
result in static arbitrage of the mid-prices. As before, we note that the width of the
confidence intervals varies with time, with the confidence intervals appearing more
consistent in 2022. The raw generator (5 = 0) produces stable confidence intervals
for all state variables, highlighting VOLGAN’s stability and not requiring frequent
re-calibration.

Figure [3.10| compares one-day ahead simulated values of VIX, computed from its
definition in terms of simulated call/put prices [22], with the VIX closing prices on
target days in the test set. VOLGAN simulations are on the same scale as VIX. Some
of the differences might be coming from the discrete approximation of the log-contract

used for computation of simulated VIX values [25].

61



- 95%cl

Zos]
‘h H
i
3

04+ 047 T
i ! i
1 T k e
e T W WY
021 021
Y . ,
& & & &
B B b B 5

(a) 1-day ATM (m = 1,7 = 1/252) (b) 1-week ATM (m = 1,7 = 1/52)

3-month ATM vol

1-month ATM vol

(¢) I-month ATM (m =1,7 =1/12) (d) 3-month ATM (m = 1,7 = 0.25)

3-month ITM vol 3-month OTM vol

£8%

EEES

oo
£8%
EEES
oo

(e) 3-month ITM call (m =0.75,7 =0.25)  (f) 3-month OTM call (m = 1.25,7 = 0.25)

Figure 3.7: Implied volatility forecasts with 95% confidence intervals from VOLGAN
based on the 2.5% and 97.5% quantiles. SPX implied volatility market data (red),
next-day forecast (Eg[o¢(m, T)|ai—as]), confidence intervals shown in blue (without
re-weighting) and purple (with re-weighting) where applicable.
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Figure 3.8: Realised and simulated SPX log-return on the test set. SPX implied
volatility market data (red), next-day forecast (Eg[S¢|ai—a:]) and the 95% confidence
interval (blue: without re-weighting).
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Figure 3.9: Realised and simulated SPX log-return on the test set. SPX implied
volatility market data (red), next-day forecast (Es[St|a:—a¢]) and the 95% confidence
interval (blue: without re-weighting, purple: with re-weighting).
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Figure 3.10: Historical vs one-day ahead simulation of VIX, on test data set.

We further investigate the prediction score in Table by considering the per-
centage of data realisations falling below the simulated 1%, 2.5%, 97.5%, and 99%
quantiles. We note that the best overall forecasts are for the underlying. VOLGAN
underestimates extremely high values of the implied volatility returns and VIX. Given
that the volatility index is a non-linear transformation of the state variables, it is
not surprising that VOLGAN does not produce as stable confidence intervals as it
does for the state variables. The findings from Table are in line with the previous
observations: VOLGAN captures the state variables for which more data is available
better. It is important to note that the observed behaviour is out-of-sample, four and
a half years after training, including the 2020 data.

As already observed in Figure there are instances (of market turbulence) where
not correcting for the presence of static arbitrage (i.e. setting 5 = 0) actually improves
forecasting performance. We note that when the arbitrage penalty is very low or zero,
the penalisation has negligible impact on the simulated confidence intervals.

Table 3.2 shows that choosing 8 = 0 can, in fact, improve forecasts, especially for
SPX returns, 1-week ATM volatility, and VIX.
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Variable/Quantile 0.01 0.025 0.975 0.99

SPX return 25.32%  29.19% 82.00% 83.55%
3-month ATM vol 13.95% 15.16% 49.61% 54.61%
3-month OTM vol 76.978% 78.81% 92.85% 93.80%
3-month ITM vol 29.46% 30.32% 65.46% 69.34%
1-month ATM vol 9.82%  11.28% 42.89% 48.41%

1-week ATM vol 20.41%  22.05% 59.17% 63.22%
1-day ATM vol 19.90% 21.79% 60.12% 64.34%

VIX 34.37% 35.23% 52.67% 55.04%

Table 3.2: Exceedance ratio for VOLGAN quantiles on the test set.

Variable/Quantile 0.01  0.025 0.975 0.99

SPX return 4.48%  9.39% 92.33% 93.37%
3-month ATM vol 8.52% 9.56% 64.51% 71.67%
3-month OTM vol 72.18% 73.64% 97.59% 98.02%
3-month ITM vol 20.33% 22.14% 75.62% 81.83%
1-month ATM vol 525%  6.55% 57.88% 66.58%

1-week ATM vol 11.80% 13.78% 72.95% 80.10%
1-day ATM vol 11.71% 13.52% 74.68% 81.65%

VIX 25.24% 25.84% 71.23% 71.18%

Table 3.3: Exceedance ratio for VOLGAN quantiles on test set with 5 =0 .
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3.3.2.4 Distributions and correlations learned by the generator

Denote by p; the instantaneous correlation between the 1-month ATM volatility
returns and the returns of the underlying at time ¢. We would like to explore whether
VOLGAN learns constant correlations. Therefore, we perform the following hypothesis
test:

Hy:  p, = p is constant, Hy:  p; # p is time-varying.
By [15], under Hy, the 95% confidence interval for p; is given by [pF, pV], where

v exp(2zy) — 1 ;, exp(2zp) — 1
~exp(2zy) + 17 P exp(2z1) + 1’

1 ) 1+p + 1 1 ) I+p 1
2y = = log | —— 2 zp = =log | ——| — z
U= 5 g 1—p 1 — 30975 L=3 g 1—p 1 _ 30975
where n is the sample size. Estimating p by the sample mean of p; on the test set,

in Figure we plot p; and the 95% confidence interval [pf, pV]. We note that p;

is away from the confidence interval of Hj, indicating strong evidence against Hj.

VOLGAN learns time-varying instantaneous correlations that would be difficult to

capture with a parametric model.

Instantaneous correlation between the returns of the underlying and log 1-month ATM vol increments learned by VolGAN
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Figure 3.11: Pearson correlation between simulated index returns and 1-month ATM

volatility increments (blue), with symmetric 95% confidence interval of constant
correlation (red). VOLGAN with g = 0.

We compare the (simulated) distributions of the daily returns for the underlying
and 1-month ATM volatility with the corresponding empirical distributions and with
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Gaussian distributions with the same mean and variance. Figures [3.12a] and [3.12h)]

show that simulated index returns and ATM volatility increments have asymmetric,

non-Gaussian, and exponentially decaying tails. Such non-Gaussian, asymmetric

distributions are difficult to capture in a model with Brownian increments.

istogram 1-month ATM vol retum

(a) Index returns (b) 1-month ATM volatility increments

Figure 3.12: Histogram of simulated index returns (a) and 1-month ATM implied
volatility increments (b) under VOLGAN with f = 0 (blue). Both distributions
exhibit asymmetric, exponentially decaying tails.

3.3.2.5 Principal component analysis

In order to investigate VOLGAN'’s ability to appropriately capture the implied
volatility co-movements, we perform out-of-sample principal component analysis
on the simulated log increments of implied volatility. We compare the first three
simulated principal components with the corresponding PCs of the data realisations.
When performing PCA on four and a half years of SPX implied volatility data,
the eigenvectors change depending on the period of observation, but nonetheless
correspond to level, skew and curvature. In Table |3.4] we show variance explained by
the first three eigenvectors in the testing data and in the VOLGAN simulations. The
significance of the first two principal components is very similar in the test data and
in VOLGAN. The third principal component is more significant in the simulated data
compared to the SPX implied volatility market data.
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Rank Data VOLGAN

First 51.25% 45.31 + 1.84%
Second 34.00% 25.69 £ 0.88%
Third 5.01% 12.76 + 0.55%

Table 3.4: Out-of-sample percentage of variance explained by the top three principal
components of the simulated and the data log implied volatility increments. The
VOLGAN column contains the average £1.96x standard deviation of the observed
values, across 1000 VOLGAN samples.

The first principal components of the sample VOLGAN implied volatility log-
returns and of the corresponding SPX implied volatility market data are displayed in
Figure |3.13] Both surfaces are consistently positive, indicating that they might have a
level interpretation. The second eigenvectors of both SPX implied volatility market
data and of the simulated scenarios (Figure can be interpreted as skew, while
the third eigenvectors (Figure can be interpreted as curvature. Figures
reflect on the clear resemblance between the principal components of the
SPX implied volatility market data and of the VOLGAN simulations, showing that
VOLGAN is able to dynamically learn the covariance structure of implied volatility
co-movements.

In order to quantify the similarity between the PCs of the simulated and the
SPX implied volatility market data, we calculate the inner product between them (as
vectors) over 1000 i.i.d. VOLGAN samples. A value of one would indicate perfect
alignment of the eigenvectors. From Table [3.5] we note that the first two inner products
(PC1 with PC1, and PC2 with PC2) are very close to one, especially considering that
the quantities are for the out-of-sample data. The inner product between the third
eigenvectors of simulations and data realisations is lower than for the first two PCs,
but it is nevertheless high. Furthermore, there is a close resemblance in the physical
interpretations of the third eigenvectors. Therefore, VOLGAN is able to learn the
most important eigenvectors both qualitatively and quantitatively, showing the ability

to learn the covariance structure of the SPX implied volatility co-movements.
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Rank Mean Median Standard deviation

First 0.921 0.922 0.009
Second 0.921 0.922 0.011
Third 0.798  0.798 0.011

Table 3.5: Out-of-sample inner products of eigenvectors of the covariance matrices of
daily log-returns of SPX implied volatility and the corresponding eigenvectors of the
covariance matrix of VolGAN implied volatility increments.

(a) Computed using SPX implied volatility  (b) Computed using a sample VolGAN out-
data. put.

First principal component
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(c) Comparison of the first principal component in the data and
in a sample simulation as vectors.

Figure 3.13: Out-of-sample first principal component of the daily log implied volatility
increments.
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(a) Computed using SPX implied volatility  (b) Computed using a sample VolGAN out-
data. put.

Figure 3.14: Out-of-sample second principal component of the daily log implied
volatility increments.

(a) Computed using SPX implied volatility  (b) Computed using a sample VolGAN out-
data. put.

Figure 3.15: Out-of-sample third principal component of the daily log implied volatility
increments.

3.3.2.6 Correlation structure of variables

We further investigate VOLGAN’s ability to simulate realistic scenarios by examining

how well it reproduces correlations between variables of interest. First, we consider
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the relationship between the projections of the log-implied volatility increments onto
the first three principal components and the log-returns of the underlying.

Table considers the correlations between index returns and the projections
of the log-implied volatility increments onto the first three principal components,
comparing their values in SPX options data with those in VOLGAN scenarios. The
correlation between the first projection process and the simulated log-returns of the
underlying is close to that of market data, whereas the projections on the second and
the third principal component have slightly stronger correlations with the returns
of the underlying in VOLGAN than they do in the SPX implied volatility market
data. Nevertheless, both quantities are on the same scale. The correlation between
the projection on the third principal component and the underlying is low both
in VOLGAN and in the options data.VOLGAN is able to reproduce the correct
relationships between the projection processes and the returns of the underlying: the
correlations between the returns of the underlying and the projections of the log
implied volatility increments onto the level and skew principal component are negative,
while the correlation with the projection onto the curvature principal component is

low (and positive).

PC rank Data (test) VOLGAN (test) Data (train)

First —0.76 —0.84 £0.024 —0.34
Second —0.29 —0.38 £0.055 —0.32
Third 0.06 0.16 = 0.020 0.28

Table 3.6: Pearson correlation between (simulated) SPX log-returns and the projections
of the (simulated) log-implied volatility increments on the principal components. The
VOLGAN column contains the mean £1.96x standard deviation of the observed
Pearson correlations across 1000 samples. Implied volatility increments in the Data
(train) column are projected onto the principal components of the test data for
consistency.

In order to correctly capture joint dynamics of implied volatilities and the un-
derlying index, we are interested in the relationship between the log increments of
the index (Alog.S;), the projection of the log-implied volatility increments onto the
first principal component (AX}), the log increments of the 1-month at-the-money
implied volatility (Alogo/T™), and the log increments of VIX (Aloguv;). Table
contains average Pearson correlations for VOLGAN simulations (blue) vs the SPX
implied volatility market data (red) on the test set. VOLGAN simulations exhibit

similar correlations between all variables of interest. The correlations between the
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VIX increments and the increments of the other state variables are slightly lower
in VOLGAN scenarios compared to the data observation on the test set. However,
they are of the correct sign and magnitude. The correlation between Alog.S; and
Alog o™ bhecame significantly higher in magnitude in the period used for testing
compared to the period used for training, as noted in Chapter [2, which could explain

why VOLGAN results in slightly stronger correlations between the the index returns
and AX}, that is Alog o™ |

Alog S, AX] Alog oM Alog v,
Alog Sy 1.00 —0.84 —0.76 —0.86 —0.77 —0.55 —0.71
AX! | —0.84 —0.76 1.00 0.95 0.89 0.66 0.84
Alog foTM —0.86 —0.77 0.95 0.89 1.00 0.72 0.96
Aloguv; | —0.55 —0.71 0.66 0.84 0.72 0.96 1.00

Table 3.7: Out-of-sample average Pearson correlation for simulated vs real values of
log-returns of SPX (AlogS;), implied volatility level factor (AX}), I-month ATM
volatility (Alog o T™) and VIX (Alogwv;). Average VOLGAN outcome (blue) and
data (red).

We repeat the analysis for the first year in the test set in Table 3.8, We observe
that the magnitude of the correlation between the log-increments of VIX and the log
SPX returns is a bit lower in simulations compared to the data. In the last year of
the test set (Feb 2022-Feb 2023), the correlations between the simulated values of log
SPX returns, increments of the level factor, and the at-the-money vol returns increase
in magnitude, as noted in Table [3.9, We observe that the same is true for the actual
values stemming from the data. The correlation structure of the simulated variables

is consistent with the market, regardless of the testing period.

72



Alog S, AX] Alog o' TM Alog vy
Alog S; 1.00 —0.67 —0.66 —0.73 —0.82 —0.34 —0.80
AX} | —0.67 —0.66 1.00 0.89 0.75 0.64 0.74
Alog (ffTM —0.73 —0.82 0.89 0.75 1.00 0.77 0.96
Alogvy | —0.34 —0.80 0.64 0.74 0.77 0.96 1.00

Table 3.8: First year out-of-sample average Pearson correlation for simulated vs real
values of log-returns of SPX (Alog.S;), implied volatility level factor (AX}), 1-month
ATM volatility (AlogoT™) and VIX (Alogw;). Average VOLGAN outcome (blue)
and data (red).

Alog S, AX] Alog oM Alog v,
Alog S, 1.00 —0.94 —0.80 —0.92 —0.72 —0.63 —0.76
AX} | —0.94 —0.80 1.00 0.97 0.96 0.71 0.95
Alogof ™™ | —0.92 —0.72  0.97 0.96 1.00 0.76 0.95
Alogv, | —0.63 —0.76  0.71 0.95 0.76 0.95 1.00

Table 3.9: Last year out-of-sample average Pearson correlation for simulated vs real
values of log-returns of SPX (Alog S;), implied volatility level factor (AX}), 1-month
ATM volatility (Alogo"™™) and VIX (Alogwv;). Average VOLGAN outcome (blue)
and data (red).

Our results demonstrate that VOLGAN is able to simulate realistic co-movements
for implied volatilities across a range of moneyness and maturities, as well as the
underlying index and VIX. In particular, we are able to reproduce time-varying

correlations between increments of these variables.
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Chapter 4

Hedging with generative models

A natural application of generative models in finance is scenario generation for risk
assessment of portfolios. In this chapter, we describe an approach for using generative
models not only for risk measurement but also for the hedging and risk management
of multi-asset portfolios. Using this data-driven approach, we can deploy generative
models to learn hedging strategies from market data. We first describe a general
methodology for data-driven hedging with generative models, then illustrate it with a
worked-out example based on VOLGAN.

The dominant paradigm in the design of hedging strategies is model-based hedging,
which requires full specification of the dynamics of all risk factors affecting a portfolio
over the risk horizon. Hedging is then formulated as an intertemporal optimisation
or stochastic control problem, which is typically solved using dynamic programming
or backward induction. Hedging strategies obtained in this manner are exposed to
model uncertainty and may exhibit a significant level of ‘model risk’ [39].

Regression-based hedging is arguably the simplest form of ‘data-driven’ hedging:
the idea is to perform a least squares regression of the daily changes of the target
portfolio with respect to the daily changes of the hedging instruments and use the
coefficients as hedge ratios [123], 43]. As shown by [43], regression-based hedging
can exhibit superior performance when compared to model-based sensitivity hedging,
especially in situations where models are arguably misspecified. However, historical
regression-based hedge ratios are backward-looking, assume stationarity of covariance
structure in co-movements, and may not properly account for changes in market
conditions.

Starting with the pioneering work of Hutchinson, Lo and Poggio [74], who demon-
strated that a simple one-layer neural network with four neurones could learn to hedge
S&P500 options, neural networks have been used in various ways to calculate hedging

strategies (see survey by [I17] and references therein). As noted in [I17], in most of
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these studies neural networks are used to learn a pricing function and hedging is either
not discussed or it is addressed using a sensitivity-based approach [36], 54]. In some
cases, a neural network is trained to learn the hedge ratios directly from market data
[29, 23, [118].

Deep Hedging [I7] uses deep neural networks to learn optimal hedge ratios within
a parametric model via reinforcement learning. This approach is able to incorporate
transaction costs, alternative risk measures, and trading constraints but is not data-
driven: training is done via deep reinforcement learning using (millions of) simulated
scenarios based on a parametric model. Similar (model-based) approaches were
explored by [18], [97], [94]. These approaches are based on neuro-dynamic programming
[T1], i.e., on the parameterisation of hedging strategies via a neural network, which
is then trained using reinforcement learning. In contrast, our approach uses neural
networks for the generation of market scenarios, while the computation of hedge ratios
is done through direct optimisation, a much simpler approach which results in greater
computational efficiency. Also, importantly, these approaches are model-based, not
data-driven: training is done using scenarios simulated from a reference model, not on
market data.

Our methodology is essentially different from the previously mentioned approaches:
neural networks are used to generate forward-looking market scenarios, rather than
to parameterise the hedging strategy. The latter is computed through an explicit
optimisation step based on the generated scenarios.

As explained in Section 4.2 given the one-step ahead scenarios generated by
the conditional generative model, we compute hedge ratios by solving a local risk
mainimisation approach which is a convex optimisation problem. Our optimisation
criterion combines a conditional variance term with a ¢; penalty for transaction costs.
A similar approach was studied by [88], extending work of [56, 121] on quadratic
hedging to include transaction costs. However, differently from these references
which focus on (not necessarily self-financing) replication strategies computed by
backward induction, our hedging strategy is self-financing and computed sequentially
using one-step ahead scenarios, provided by the generative model. In particular, our
approach does not require knowledge of the full price dynamics up to expiry and is thus
applicable in sequential setting to conditional generative models based taking current
market conditions as input. Our approach is similar in spirit to the model-predictive
control approach [9] and the progressive hedging approach [114] 115], both of which

employs scenario-based optimisation and proceed forward, not backward, in time.
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Outline. Section reviews commonly used approaches for computing hedging
strategies. Section describes our proposed methodology for data-driven hedging
using generative models. Section illustrates how our approach can be used to hedge
volatility risk with VOLGAN, a conditional scenario generator for implied volatility

dynamics.

4.1 Sensitivity-based hedging vs optimisation-based
hedging

We consider the problem of hedging a portfolio exposed to a set of risk factors using a

set of hedging instruments. As in Chapter 1, we distinguish two sets of risk factors:
e market prices S}, ..., SP of tradable primitive/underlying assets;

e other (non-price) risk factors denoted X; = (X}, ..., X¢). Examples of such risk

factors may be: implied volatilities, interest rates, credit spreads, etc.

Primitive assets are tradable, while risk factors X}, ..., X2 are not directly traded,
i.e., do not represent prices of tradable instruments. Examples of such non-price risk
factors are yields (for bonds) or implied volatilities for options.

We wish to hedge a portfolio whose value at time ¢ is V;, using a set (H*,i € H) of
hedging instruments whose values H} are sensitive to these risk factors. We assume a
rebalancing frequency At (for example, one day).

Our risk management framework requires the following ingredients:

1. a pricing function f which computes the value of the portfolio as a function of

the risk factors

Vi=f(t,S, X,) = f(t, S}, ....,s", X} ..., X, (4.1)

2. pricing functions for the hedging instruments:

H} = hj(t, S, X;) = hi(t, S, ..., S, X}, .., X9, (4.2)

3. a generative model capable of generating one-step ahead (e.g. one-day ahead)

scenarios for co-movements of prices S; and risk factors X;

(St, Xta Sthta thAta ), noise term w i) (StJrAt (CL)), Xt+At (CL))) (43)

76



We consider a self-financing tracking portfolio with positions ¢! in the hedging instru-
ments (H}, i € H), and 1/; in a money market account earning interest at rate r;. The

value II; of this tracking portfolio satisfies:
Mipar — 0 = AT = ¢y 1AL+ Y G(Hp— H)), Tlo =V, (4.4)
it
The self-financing condition implies
Yr =11 — Z G H; — Zcﬂ(ﬁf& — Gt-adls (4.5)
ieH ieH
where ¢! is the cost of trading one unit of H® at time ¢. The tracking error Z; is the

value of the hedged position:
Zy =V, =1y, Zy=0. (4.6)

The two main approaches to determine the hedging strategies ¢, are sensitivity-based
hedging and conditional risk minimisation, with (local) quadratic hedging being a

special case of the latter. We now describe these two approaches in some detail.

4.1.1 Sensitivity-based hedging

The most common approach for constructing hedging strategies is based on sensitivities
to risk factors. Given a ‘standard’ shift ¢; for risk factor ¢, we define the sensitivity to a
risk factor 7 as the change in portfolio value under a ‘standardised shift” X¢ — X* + ¢;
to the risk factor i € {1,...,d}. Denote the sensitivity to risk factor X* at time ¢ by

f, S, X0 XN X4 e, X LX) — £(t, S, Xy

G = . @
Similarly, denote sensitivities to market prices S?, for i € {1,...,n} by
Az(f) _ f(t7S?7"'77SZ717S§ +€j7sz+17"'7SthXt) - f(t,St,Xt) (4 8)
: 0 . .

If the pricing function f is differentiable in S;, X;, then

lim ¢/(f) of (t, S, Xi), lim Aj(f) o/

€;—0 T OXi €;—0 - @(t’ Sty X),

Analogously, we define sensitivities of the hedging instruments H’ to risk factors
X" and market prices S, which we denote by ¢/(h/) and A!(h?), respectively. In
cases where neural networks represent the pricing functions, sensitivities are readily

computable using Automatic Differentiation (AD) techniques [55], 20].
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The overall sensitivity to a risk factor X° of the tracking portfolio II; is obtained
by summing over positions:
G(h) = _oiGi(h).
jEH
and its sensitivity to S° is
Aj(h) =D SiAIR).
JEH
The idea of sensitivity-based hedging is to choose the positions in the hedging
instruments to achieve zero/low overall sensitivity to risk factors (S;, X;). The hedged
portfolio is immunised to small movements in the risk factor X* for i = 1,...,d if the

sensitivity of the hedged position Z; =V, — I, is zero:

G(f) = G(n). (4.9)

Similarly, the hedged portfolio is immunised to small changes in market prices S¢ for
1=1,...,nif

AY(f) = Ay(h). (4.10)

Examples of commonly used sensitivity-based hedging strategies include delta
hedging and delta-vega hedging of option portfolios, and immunisation strategies of
bond portfolios.

Hedging via risk immunisation requires the user to pre-specify both the risk factors
and the hedging instruments, a choice that is not necessarily unique. For instance,
in delta-vega hedging, volatility risk can be mitigated by holding a position in any
option on the same underlying asset; sensitivity considerations alone do not guide us
in the choice of the hedging instrument.

Additionally, risk immunisation typically accounts for only small perturbations in
risk factors. Extensions of this approach consider inclusion of higher order sensitivities,
for example gamma hedging for options or duration-convexity immunisation for bond
portfolios [48]. However, even these extensions cannot account for tail events.

Finally, these shifts are applied to individual risk factors in isolation, disregarding
their co-movements. If risk factors are correlated, this may mean that the scenarios

underlying these sensitivity computations are unrealistic.

4.1.2 Hedging by local risk minimisation

Another approach for computing hedging strategies is based on the idea of local risk

minimisation [50, 88 100, 121]. In this approach, one sequentially computes hedge
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ratios to minimise a one step-ahead risk criterion, based on current information in
market variables.

As in Chapter , denote by {F;}i>0 the filtration representing the information
contained in the history of market prices and risk factors up to time ¢. For a hedging
strategy to be implementable, the hedge ratios ¢; have to be F;-measurable. The
idea of local risk minimisation is to compute ¢; by minimising a risk measure p of the

portfolio conditional on current market information
inf p(Zigael Fe)-
ot
A tractable class is given by conditional risk measures expressible in the form
P(ZeraelFi) = B [L(Zerae, Vi) | Fe] - (4.11)

where L is a loss function and Y, is observable at ¢, that is, { F;} -adapted. In particular,
(4.11]) is amenable to computation by simulation.
An important example of a conditional risk measure expressible in the form (4.11]

is the conditional variance:
p(Zir sl o) = E [(Zivar — ElZipad F)?| 7 (4.12)

where

L(ZY)=(Z=Y), Y,=E[ZnlFl.

Remark 3. One may of course consider other risk measures, such as Value-at-Risk

(VaR), Ezxpected Shortfall, etc. However, among these examples the only risk measure
expressible in the form (4.11)) is conditional variance.

Minimising the conditional variance of the hedging error (conditional on market

variables F;) leads to a (local) regression problem. The objective is to solve
n;)in var (Ziat|Ft) - (4.13)

Proposition 2. The hedge ratios which minimise the variance of the tracking error

Ziiar conditional on F; are given as regression coefficients of AV; on {AH} }iew:

2
minvar (Zy; ac| ) = min B (VHM ~Vi— A=) Gi(Hiyn — H;‘)) Fi| . (4.14)
i oo 1€EH
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Proof. Since 13, V;, and ¢!, H! are F;-measurable, we have

var (Zt+At‘-F;‘,) = var (ZtJrAt — Zt|ft) = var (AW — AHtlE)

)

= var (AVt — ) GIAH] — At

1€H
]—"t> |

In fact, for any JF;-measurable A;, the following holds:

]—}) — var (AVt — A= ¢IAH]

1€H

= var (Avt —) ¢iAH;

1€EH

=)

var (AVt — ) 4iAH]

1€H

Hence, we can choose A; such that

E |AV,— A, =) ¢AH] ]—}] =0, ie A =E|AV,—> ¢|AH] ]—"t] .
i€H i€H
(4.15)
Furthermore, for any JF;-measurable a;:
2
E (AV; —a =y ¢§AH§> Fi| = var (AVt —a,— Y G AH] }'t>
1€EH 1€H
2
+E|AV, —a, - > ¢AH] ]—"t]
= (4.16)
= var (AVt - Z PLAH! «Ft>
1EH
2
+E AV, — oy — > ¢AH] ]-"t] .
1EH

Hence, the value of a; which minimises the conditional second moment (4.16]) of
AV, — oy — Y. 1A H] is precisely the conditional expectation A, given by ([4.19)):

2

a; = argmin E | [ AV, —a — Z gbiAHZ) Fil s
i€H

Fi

ie. o =E|AV, =) GIAH]|F| = A,

i€H

This implies that

2
var (Zpsarl Fi) = ming, £ <Aw =) ¢iAH§> Fi
1€H
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This is an Ordinary Least Squares (OLS) regression, conditional on the information
available at time ¢:
AVi= A+ 6 AH] +e,
ieH
where ¢ is uncorrelated with the P&Ls of the hedging instruments and E [e;|F;] = 0.
So, finally, we have shown that minimising the conditional variance of the hedging

error (conditional on market variables F;) leads to a least squares regression problem:

2
min var (Zoone Fo) = mink (vtw —Vi— A=) Gi(Hiyny — Hg’)) Fi| . (417)
¢ et 1€EH

O

Remark 4 (Self-financing condition). Equation (4.14)), determines the hedge ratios
which minimise the conditional variance of the tracking error. The hedging strategy
requires to specify as well the cash/money market component v,. This is determined
by the self-financing condition . Any other choice for 1, would lead to a non
self-financing hedging strategy. For example [121], [56] 88] choose 1y = A; given by
(4.15)), which yields the martingale property for the tracking error but results in the

loss of self-financing property.

Remark 5. Note that we are not operating under a ‘risk-neutral’ measure and there

is no martingale assumption on price dynamics.

Remark 6. The conditional variance minimisation problem (4.13)) is a regression of the
change in portfolio value AV; on the changes AH} in values of the hedging instruments,
conditional on the information available at time ¢. Using the J;-measurability of V/,
II;, and H;, we can also express as a regression of values, rather than changes,

of these same instruments:

2
r%invar (Ziynt|Fe) = gnigE (VHN — A - Z o §+At> Fil - (4.18)
‘ oo i€H

4.1.3 Accounting for transaction costs

Since the transaction cost term Y, ,, ¢i|¢} — ¢;_A,| is F—measurable, it contributes
to the conditional mean but not to the conditional variance. The optimisation problem
(4.14)) therefore does not penalise transaction costs. In order to account for transaction

costs, one may proceed in different ways. A common approach is to minimise the
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conditional second moment (instead of variance) [121) 100, T01]. This leads to an
objective function with quadratic penalties for transaction costs, but also cross-terms
of the type
cldi = Sind GIAH], i,

which lacks a financial interpretation and leads to numerical difficulties. Another
approach is to use conditional variance, but incorporate transaction costs for the next
period as in [88]. This leads to a variance contribution, but breaks down the analytical
tractability of the quadratic problem . Furthermore, in this case, we lose the
interpretation of the objective as variance of the tracking error.

We propose instead a different formulation, which is to include transaction costs

as a penalty in the objective function, leading to:

2
,{B%E <Vt+At —Vi— A — Z?ﬁ;( PV HZ)) Fi| + )‘Zcﬂﬂ — Gi_acl, (4.19)
ieM i€t
where A > 0 is a regularisation parameter. A similar approach has been considered by
[93] but in a global risk minimisation setting. In (4.19)), each term has a clear financial
interpretation. Since A; does not appear in the second term, by Proposition , the
first term is still the conditional variance of the tracking error, while the second term
is proportional to the transaction cost. As the transaction cost is naturally expressed
as a (weighted) ¢; norm, is in fact a LASSO regression [129]. This leads to
the desirable property of sparsity which, in financial terms, corresponds to selecting a

sparse set of hedging instruments.

4.2 Dynamic data-driven hedging with generative
models

An important feature of the local risk minimisation problem is that it only
requires knowledge of the one step-ahead conditional distribution. However, this
conditional distribution remains inaccessible, rendering the local risk minimisation
problem analytically intractable even in simple models. On the other hand, we will
demonstrate that this problem may be efficiently solved using conditional generative
models. We will now show how to sequentially compute locally risk-minimising hedging
strategies using a conditional generative model.
A conditional generative model G for (S;, X;) allows generating samples (Siyar(w), Xipae(w))

whose distribution approximates the conditional distribution of (S;a¢, Xiia¢) given
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F;. These generated samples are forward-looking one step-ahead scenarios, which may

be used to estimate the conditional mean and variance of the tracking error via

N

121\,5 = ]1[2 (A‘/t wk. Z¢tAHZ wk)> s

k=1 1€EH

N 2
var(AZ|F) = Z (AV} wi) — A — Z@AHZ(WIC)) )
k: ieM
where {wy}r=1, n are N ii.d. scenarios from the generator G. We can then compute
an estimator of (4.19), and compute hedge ratios by optimising this estimator.
This leads to the following sequential optimisation problem. At each step ¢, given

previous hedge ratios ¢;_a;, we solve the following LASSO regression problem:

1 — i
inf > | AVilwr) — A = Y GAH] (wr) | +age Y | —
AceR.peRitt N :
= €M i€H
A ~~ g A ~~ >
Hedging error variance Rebalancing cost

(4.20)

where

e ¢! is the cost of trading one unit of H* at time ¢ (we use the half the bid-ask

spread for instrument H* as a proxy);

® gy is the initial gross position, and a > 0 is a dimensionless regularisation

parameter.

The solution to (4.20) can be computed via coordinate descent with soft thresholding
[65].

The regularisation term in favours lower turnover and hedging instruments
H' with lower transaction costs. Transaction costs lead to an ¢;-penalty, which is
known to induce sparsity in regression: it leads to the "minimal” (sub)set of rebalancing
transactions. Sparsity means that not all potential hedging instruments are selected,
leading to an automatic selection of hedging instruments.

Given that hedging instruments in ‘H might have highly correlated returns (es-
pecially if |[H| = J is large), regularisation is useful in (4.20). Furthermore, other
(position, sensitivity) constraints can be easily incorporated in the optimisation prob-
lem.

The resulting procedure for data-driven hedging is described in Algorithm
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Algorithm 1 DATA-DRIVEN HEDGING WITH NO MARKET IMPACT
Input:

e Market prices St and risk factors X; at time t;

e Pricing functions f(¢, St, X¢) and h;(t, St, X¢) for i € H;
e A generative model G for simulating (S¢4at, XttAt);

e Previous hedge ratios ¢;_ A¢;

e Regularisation parameter «;

e Initial gross position go.

Output: Hedge ratios (¢i);cy, cash position 9, estimate Ay.
Step 1: Simulate forward-looking scenarios.
for k=1to N do
(St+at(wr), Xerat(wr)) « G(St, Xt, w)
Vitas(wr) < f(t+ At Sepas(wi), Xerar(wr))
for each i € H do
Hi ay(wr) < hi(t + AL, Sy as(wr)s Xeras(wr))
end for
end for
Step 2: Solve regularised regression (LASSO).
Estimate A; and hedge ratios ¢ = (¢%)ieH by solving:

2
N
1 ) ) S )
min NZ(A%(w)—At—Z#AH;(wk)) +ago > et |6h = ioadl
k=1

J
ALER, ¢1ER i€t ieH

Step 3: Update the cash position.
e =11 — Zie’H ¢%th - Zie?—t c%
Return: A, (¢0)icn, ¥t

9 = 91_ad]

Remark 7 (Incorporating market impact). Transaction costs do not scale linearly with
volume for large portfolios [157]. To take this into account, we can incorporate a model
for market impact. Then si would depend on quantities such as average daily traded
volume, volatility of the hedging instrument, value of the hedging instrument at time t,
the rebalancing amount |¢: — ¢i_,|, and more. If the price impact is proportional to
|6f — di_adl®, then

Rebalancing cost

ATL = ST A+ | T = SO 6iH = 16— oi_al™si | AL (421)

i€H i€H i€H

where in this case s. is the prefactor in the price impact model and should be expressed
in USD. For options, the impact should be measured in terms of implied volatility.
Incorporation of market impact as in (4.21) leads to an alternative optimisation

problem, where for A > 0 we wish to solve:

84



N 2
AteR,idrifeRdH % ; (AVt(Wk) — A — ZEZH ¢2AHZ(%)> + Ado ZGZH stlof — ol

(4.22)
In case of linear impact (6 = 1), leads to a ‘Ridge regression’ problem [T1] which
has a closed-form solution.

However, the values of § > 0 do not lead to sparsity in (4.22)). Automatic hedging
instrument selection can be implemented by first performing a LASSO regression as in
(4.20) at time t = 0 in order to determine the hedging instruments, and then using the
selected instruments to solve . Alternatively, for 6 > 0, one could consider an
‘Elastic Net’ regression [6]:

N 2

1€H
Hedging error variance (423)
i 4 i 0| i i
+ Ago E St ‘Qst - ¢t—At| +ago E Gy |¢t - ¢t—At‘ .
1€H 1€H
Market impact Rebalancing cost

4.3 Example: hedging volatility risk with VOLGAN

The above methodology is general, but we will illustrate it with an example: hedging
of option portfolios using VOLGAN [I34], as outlined in Chapter [3| We use raw
VOLGAN outputs, without scenario re-weighting [45], introduced in Chapter .

The portfolio we wish to hedge is a one-month long straddle with strikes K = mSy,
for mg € {0.75, 0.8, 0.9, 1.1, 1.2, 1.25}. The initial portfolio instrument set indexed
by P consists of a Call(K,T) and a Put(K,T), with K = mySy and T' = 1/12.

In addition to data-driven hedging through VOLGAN, we also consider delta
hedging and delta-vega hedging. The hedging experiment is performed over non-
overlapping periods. That is, a long straddle is entered and hedged until expiry, after
which the new long straddle is entered and the exercise is repeated. This results in 52
non-overlapping one-month periods. One day is taken to be At = 1/252.

The initial hedging set indexed by H consists of one-month calls and puts whose
initial moneyness values are in the set {0.9, 0.95, 0.975, 1, 1.025, 1.05, 1.1}, where
m < 1 correspond to puts and m > 1 to calls. The hedging set indexed by H consists
of all of the options in the initial hedging set that are not in the portfolio we wish

to hedge, that is H = Ho \ P. The values « used for regularisation are obtained
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through validation on new independent samples from VOLGAN, as discussed in the

next subsection.

Delta-vega hedging The hedging instruments are the underlying and an option.
Denoting by ! the vega of the option i € P in the initial portfolio we wish to hedge
(long straddle) at time ¢, the overall vega of the portfolio is
Ko=) U
icP
In order to obtain vega-neutrality, it is necessary to include an option H} with a vega

of k! whose hedge ratio is determined by the ratio of sensitivities:

Delta-neutrality is obtained by adjusting the position in the underlying. Denoting
by A and A the deltas of the portfolio and the option used for hedging, the hedge

ratio ¢ corresponding to the underlying is therefore:
= A — gial

We opt to hedge with an option initiated at-the-money, i.e. with a strike K = ;.
However, the choice of the hedging instrument is not unique. Opting for options with
moneyness far away from one, or in general with low vega, may result in unstable

hedge ratios ¢ .

Delta hedging The only hedging instrument is the underlying. The hedge ratio is
the portfolio delta:
o =4/

4.3.1 Data

We use data on SPX options extracted from OptionMetrics, as in Chapter [3 The
average bid-ask spread surfaces for calls and puts after smoothing are shown in Figure
4.1 On average, longer-dated in-the-money options have a higher bid-ask spread than
out-of-the-money options with shorter times to expiry. We observe a skew in both the
moneyness and time-to-maturity variables.

We compare the average at-the-money bid-ask-spread with the arbitrage penalty
in Figure and note that the instances of non-zero arbitrage penalty coincide
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with high bid-ask spread values. This observation is consistent with the notion of
no-arbitrage, since the arbitrage penalty is calculated using implied volatilities of

mid-prices.

Mean Call bid-ask spread surface after smoothing Mean Put bid-ask spread surface after smoothing

N
w
bid-ask spread

[
«
d

-
w
bid-ask spread

(a) Calls. (b) Puts.

Figure 4.1: Average bid-ask spread for calls and puts.
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Figure 4.2: Average at-the-money bid-ask spread and the arbitrage penalty (2.9).

4.3.2 Choosing the regularisation parameter

High values of the regularisation parameter o would result in low rebalancing due to
the high influence of the transaction costs, whereas low values of a would not provide

sufficient regularisation and would lead to high transaction costs. That is, low values
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of a might result in overfitting, and high values of o in underfitting. In order to set
the appropriate value of «, in each one-month experiment, we perform a search at time
t = 0 considering the potential o values in {0.01,0.02,...,0.2}, which is a scale similar
to that of the transaction-free hedging analysis of [I34]. Let Ag(a), (¢f(r))icp be the
solutions of given «, and let {AVy(w;), (AH{(w;))ie }j=1,...1000 1.1.d. samples
from VOLGAN for each starting time ¢ = 0, used for regression fitting. We choose «
minimising the Akaike Information Criterion (AIC) [2] for the day on which a new
position is entered (¢ = 0), calculated on new M = 100 i.i.d. samples from VOLGAN
{AVy(w;), (AHY(w;))ien }j=N+1.... N+, independent of the N = 1000 simulations on
which the regression coefficients were estimated. The (relative) AIC value in the case

of linear regression is:

RSS(«)
A[C(a)leog( i ) —|—2<1+Zl¢z ) (4.24)
1€EH
where 1437, 51 B ()20 is the number of parameters of the regression fit (1 3 ()20

is zero if ¢)(c) = 0 and one otherwise), and the residual sum of squares RSS(a) is

estimated on the new M samples from VOLGAN:

N+M 2
RSS(a) = ) (Avt(w] ) = dh(a) AH]( wj)) .
j=N+1 1€H

That is, at each starting time ¢ = 0 we choose o by minimising an AIC criterion, where
the set of possible « is A = {0.01,0.02,...,0.2}. Estimating the AIC on independent
VOLGAN simulations prevents overfitting and provides more accurate estimates of
regression fits. Since only VOLGAN simulations are used at time ¢ = 0, the choice of
« is not anticipative, i.e. there is no look-ahead bias. Figure shows that during
periods of market turbulence, higher regularisation is preferred. The most common
choice is @ = 0.01. Furthermore, we note that the values of mq closer to one result
in more frequent recalibration of the regularisation parameter «. The fact that the
highest value of the regularisation parameter is selected during periods of market
turbulence suggests that a higher value of @ would be more suitable than in those
instances. However, a reduced search grid for « of {0.01,0.05,0.1,0.5, 1} results in a
similar performance, as demonstrated in Section [£.4, We also note that fixing v = 0.25

does not significantly alter the performance either.
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Choice of regularization parameter a for every starting date
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Figure 4.3: Choice of regularisation parameter o minimising the AIC (4.24)) for each
starting date ¢t = 0 and for different values of my.

The value of V; is the same as the gross value of the position since V; is made up of a
long call and a long put. Figured.4|shows that V; is higher for values of mg further away

from one. That is, the same value of & would result in a lower value of the regularisation
term «ago in (4.20) for mg € {0.9,1.1} compared to mg € {0.75,0.8,1.2,1.25}.
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Figure 4.4: Value V; of the long straddle position for different values of my.
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4.3.3 Number of hedging instruments

Since incorporating transaction cost via an ¢;-penalty leads to sparsity, we
investigate the number of hedging instruments selected throughout the testing period.
Unsurprisingly, the underlying is always selected. A breakdown of the number of times
that each possible hedging instrument count was used for each starting value mg is
available in Table [4.1] Data-driven hedging with VOLGAN predominantly selected
only the underlying as the hedging instruments for the straddles with mq further
away from one. When mg € {0.9, 1.1} (the values closest to 1), options were selected

alongside the underlying majority of the time.

Number of instruments
Mo 1 2 3 4 5 6 7

8
0.75 1058 3 11 20 0 O 0
0.80 78 156 46 8 3 11 0 O
0.90 193 279 168 277 93 67 15 O
0
2
0

1.10 565 40 72 110 219 69 17
1.20 1077 2 7 0 0 1 3
1.25 1087 0 0 2 3 0 0

Table 4.1: Frequency of the number of hedging instruments selected for different
mg values. The total number of days is 21 x 52 = 1092, with an additional day for
unwinding. Position expiry dates are not included since the only adjustments in the
hedging portfolio happen on days 0, ..., 20.

Figure 4.5 shows the number of hedging instruments used for different starting
values my. We note a spike in the number of selected hedging instruments at the start
of 2019, during the start of the Covid-19 pandemic, and in the second half of 2022.
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Number of hedging instruments selected

o]

s ome=1.1

~

o

w

Number of instruments in the portfolio
Noow e

[

o

2018-07  2019-01  2019-07  2020-01  2020-07  2021-01  2021-07  2022-01  2022-07  2023-01
Date

Figure 4.5: Number of hedging instruments selected for different values of my.

4.3.4 Tracking error statistics

We first compare the performance during the entire test set, and then without the
initial Covid-19 shock. To exclude the Covid-19 pandemic effect, we remove 5 one-
month periods starting from the position entered on the 13th Feb 2020. This results
in exclusion of the dates 13th Feb 2020-21st Jul 2020.

Tracking error Z; statistics under consideration are the mean, median, standard

deviation, and Value-at-Risk, defined as
VaRq(Zt) = _Fz_tl(Q)a

for ¢ = 5%,2.5%, and 1%, where F,' is the quantile function of Z,.

The tracking error statistics (for all values of mg pooled together) for delta hedging,
delta-vega hedging, and VOLGAN are given in Table [4.2] Outside of the Covid-19
pandemic, VOLGAN results in the lowest standard deviation and 1% VaR. The
corresponding tracking error distributions over the entire test set are shown in Figure
Usually, VOLGAN is between delta-hedging and delta-vega hedging. We also
note a significant reduction in standard deviation, and value-at-risk metrics compared

to the unhedged position.
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Statistics
Mean Median Std 5% VaR 2.5% VaR 1% VaR

Covid-19 period Method

Unhedged 0.16 0.29  60.58  78.95 102.07 155.29

eluded Delta -1.23  -044 3270 1949 36.33 58.63
Delta-vega 0.98 0.00  29.70  10.90 19.70 43.72
Data-driven  0.55 -0.16 3298  12.79 23.42 50.79
Delta -1.46  -0.36 8.40 13.22 22.84 36.66
Excluded Delta-vega  -0.37 0.00 9.34 9.58 16.67 34.81
Data-driven -1.05  -0.18 8.15 10.55 17.32 33.85

Table 4.2: Tracking error statistics in USD for all values of mg over the entire test
period.

Tracking error Z; distribution for all values of mq

Method
mmm Delta
10 Delta-vega
B Data-driven (VolGAN)

1024

Density

1014

100 4

1010 S | N S
200 40

0 600 800 1000 1200
Z; (in USD)

Figure 4.6: Distribution of tracking error Z; for all values of mg pooled together, over
the entire test set.

Comparing VOLGAN hedge with delta hedge in Figure and with delta-
vega hedge in Figure [4.8, with the Covid-19 pandemic data excluded for better
visualisation, we observe that all methods result in similar performance in the bulk
of the experiments. In most cases where delta hedging results in a positive PnL,
the same holds for VOLGAN, and the points in the first quadrant appear to scatter
symmetrically around y = x. However, there are many instances in which VOLGAN

results in a positive PnL, while delta hedging does not. In the scenarios in which both
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approaches result in a negative PnL, the loss is usually more severe for delta-hedging.
There is a bit more symmetry when comparing VOLGAN with delta-vega hedging in
Figure [4.8] This observation aligns with the statistics in Table where outside of
the Covid-19 pandemic, data-driven hedging leads to tracking errors statistics closer
to delta-vega hedging than to delta hedging. As my moves away from 1, differences in
hedging approaches are less prominent: the points are tightly concentrated around
Yy =x.

A detailed breakdown of performance for each individual value of my is available
in the Section 4.4

Tracking error comparison (without the Covid-19 pandemic)
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Figure 4.7: Tracking error: delta hedge vs VOLGAN hedge. Solid black line: y = z.
Covid-19 data excluded.
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Tracking error for delta-vega hedging (USD)
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Figure 4.8: Tracking error: delta-vega hedge vs VOLGAN hedge. Solid black line:
y = x. Covid-19 data excluded.

Figures and compare the performance of the data-driven hedging strategy
with delta hedging and delta-vega hedging, with the Covid-19 period included.

Tracking error for delta hedging (USD)
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Figure 4.9: Tracking error: delta hedge vs VOLGAN hedge. Solid black line: y = x.
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Tracking error comparison
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Figure 4.10: Tracking error: delta-vega hedge vs VOLGAN hedge. Solid black line:
Yy =1

4.3.5 Delta and vega of the hedged position

In order to better understand the nature of the hedging strategy resulting from our
method , we compare the vega and delta of the straddle V; with the total vega
and delta of the hedged position Z;. As shown in Table [4.3] the delta exposure of
the position is almost completely hedged by data-driven hedging. On the other hand,
Table shows that although the total vega of the hedged position Z; is reduced
compared to that of the unhedged position V;, it is not zero. These observations
show that our data-driven hedging approach is not equivalent to delta-vega
hedging. So, unlike what has been suggested in the recent literature [96], there is more

to data-driven hedging than just ”learning the Greeks”.

Mean Median 95% Quantile | 5% Quantile Std Dev
mo Zy Vi Zy Vi Zy Vi Zy Vi Zy Vi
0.75 | 0.003 0.994 | 0.000 1.000 | 0.005 1.000 |-0.001 0.986 | 0.023 0.067
0.8 | 0.003 0.986 | 0.000 1.000 | 0.009 1.000 |-0.016 0.958 | 0.040 0.097
0.9 |-0.011 0.905 |-0.011 0.979 | 0.0561 1.000 | -0.111 0.618 | 0.100 0.214
1.1 | -0.006 -0.940 | 0.000 -0.997 | 0.035 -0.760 | -0.049 -1.000 | 0.066 0.174
1.2 | -0.000 -0.996 | -0.000 -1.000 | 0.000 -0.998 | -0.001 -1.000 | 0.016 0.039
1.25 | 0.000 -0.999 | -0.000 -1.000 | 0.000 -1.000 | -0.001 -1.000 | 0.006 0.009

Table 4.3: Delta statistics.
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Mean Median 95% Quantile Std Dev

mo Zy Vi Zy Vi Zy Vi Zy Vi
0.75 | 5.828 6.889 0.078 0.102 | 32,904 35.288 | 21.269 22.073
0.8 | 9.546 17.136 | 0.170 0.805 | 66.971  91.581 | 36.314 40.845
0.9 | 0.096 111.500 |-4.397 37.221 | 179.155 452.507 | 89.315 150.315
1.1 | 26.165 66.529 | 2.807 7.817 | 170.733 326.120 | 68.777 108.969
1.2 | 3.302 3.637 0.000  0.000 5.399 5.637 | 23.437 25.145
1.25 | 1.076 1.079 0.000 0.000 0.239 0.239 | 10.013 10.022

Table 4.4: Vega statistics.

4.4 Hedging with VOLGAN: robustness checks

To assess the stability and generalisability of our data-driven hedging methodology, we
conduct a series of robustness checks examining the sensitivity of results to different

values of mg and regularisation parameter «.

4.4.1 Performance for different values of m,

Table contains tracking error statistics over the entire data set, for each value of
mg. Most of the time, for my < 1, data-driven hedging results in all tracking error
statistics of interest between those corresponding to delta hedging and delta-vega
hedging. The higher standard deviation in my = 0.75 is due to the options selected as
hedging instruments at the beginning of the Covid-19 pandemic, which, as illustrated
in Figure [4.11], results in a more prominent volatility of the tracking error. As more
options are selected for hedging, the performance of data-driven hedging is closer to
that of delta-vega hedging than to pure delta hedging.

When mg = 1.1, hedging with options brings about a very clear reduction in all risk
measures being considered. In this instance, delta hedging has the worst performance,
delta-vega hedging has the lowest tracking error variance, but data-driven hedging
results in the lowest Value-at-Risk. For my € {1.2,1.25}, data-driven hedging produces
tracking error of the lowest variance, with Value-at-Risk statistics that are usually in

between those corresponding to the Black-Scholes benchmarks.
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Statistics

mo Method
Mean Median Std 5% VaR 2.5% VaR 1% VaR
Delta hedging 0.17 -0.06 2.81 6.10 7.32 12.37
0.75 Delta-vega hedging 1.38 0.11 12.89 5.07 6.54 9.09
Data-driven hedging 1.48 0.00 19.23 5.66 7.01 9.04
Delta hedging 0.39 -0.32  27.20 8.69 12.23 18.39
0.80 Delta-vega hedging 2.43 0.23  26.65 6.31 8.82 17.05
Data-driven hedging 2.49 -0.16  32.66 7.78 10.31 15.30
Delta hedging -0.35 -1.95 70.56  40.24 53.71 81.30

0.90 Delta-vega hedging 4.90 0.55 63.76  26.88 56.35 81.00
Data-driven hedging  4.02 -0.32 68.66  34.48 55.92 80.78

Delta hedging -5.17  -0.98 17.00  33.66 46.66 76.69
1.10 Delta-vega hedging  -1.20 -0.13 11.88  19.59 31.40 51.36
Data-driven hedging -2.82  -0.74 13.79  19.17 31.41 47.58
Delta hedging -1.41 0.00  11.90 8.59 13.36 73.09
1.20 Delta-vega hedging  -0.87 0.00 10.49 8.07 12.79 31.22
Data-driven hedging -1.04  -0.01 9.26 8.45 13.39 56.66
Delta hedging -1.02  -0.001  9.33 8.61 13.88 54.51
1.25 Delta-vega hedging  -0.79 0.00 8.47 8.42 13.88 37.12
Data-driven hedging -0.82  -0.01 8.04 8.60 13.87 48.52

Table 4.5: Performance metrics for different myq values over the entire test set (rounded
to two decimal places). The initial positions Z; = 0 are included in the statistics.

The tracking errors Z; that come from different hedging approaches as functions of
time are shown in Figure for various values of mg. For better visualisation, Figure
displays the tracking values on a scale that is linear in the interval [—50, 50] and
logarithmic away from it. All three methods track the initial portfolio satisfactorily
well, aside from the Covid-19 pandemic. The three methods are difficult to differentiate
from each other during periods of calm. Table highlights that the absolute value
of the tracking error is usually less than 1% of the portfolio value, that is, the tracking
portfolio and the portfolio we wish to hedge are usually within 1% of each other.
Furthermore, Table indicates that all methods perform worse for values of my
closer to one. The most volatility is visible during March-June 2020, and during 2022.
The corresponding tracking error distributions are available in Figure [4.13] The bulk

of the tracking error distribution is usually the tightest for data-driven hedging.
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Method /my ‘ 0.75 0.80 0.90 1.10 1.20 1.25

Delta-hedging 95.98% 88.11% 43.62% 50.61% 84.53% 89.34%
Delta-vega hedging 94.49% 88.02% 49.04% 51.57% 85.05% 89.42%
VOLGAN-based hedging | 95.37% 89.25% 51.92% 54.63% 84.53% 89.34%

Table 4.6: Proportion of observations on which the tracking portfolio II; was within
1% of the initial straddle portfolio value V; for different methods and mg values.

mo  Method Statistics
Mean Median Std 5% VaR 2.5% VaR 1% VaR
Delta hedging -0.23 0.00 2.81 4.99 6.27 7.15
0.75 Delta-vega hedging 0.09 0.04 2.92 4.89 6.47 8.57
Data-driven hedging -0.29 0.00 2.87 5.24 6.28 7.56
Delta hedging -0.73  -0.17 345 6.60 8.01 11.09
0.80 Delta-vega hedging  0.002 0.11 4.34 6.19 8.58 17.35
Data-driven hedging -0.71  -0.19 3.83 7.01 9.13 13.22
Delta hedging -4.35  -1.77 1558  34.46 42.10 51.00
0.90 Delta-vega hedging  -0.88 0.40 18.52  27.61 56.87 81.74
Data-driven hedging -2.87 -0.39 16.30  32.88 51.28 73.20
Delta hedging -3.15 -0.82 10.09 24.34 32.93 43.12
1.10 Delta-vega hedging  -1.19  -0.17 1047  17.59 27.81 40.52
Data-driven hedging -2.13  -0.72 7.84 16.40 24.08 33.99
Delta hedging -0.17  -0.02 449 7.17 9.48 12.79
1.20 Delta-vega hedging  -0.12  -0.003  4.50 7.22 9.38 12.80
Data-driven hedging -0.17  -0.07 4.49 7.14 9.46 12.78
Delta hedging -0.14  -0.06 4.67 7.42 9.77 13.34
1.25 Delta-vega hedging  -0.14  -0.05  4.67 7.42 9.78 13.36
Data-driven hedging -0.14  -0.07  4.67 7.41 9.78 13.32

Table 4.7: Performance metrics for different m values without the start of the Covid-19
pandemic (rounded to two decimal places). The initial positions Zy = 0 are included
in the statistics.

Given that we considered all 52 one-month intervals jointly, and that the start of
the Covid-19 pandemic resulted in high tracking error variance, as well as that the
tracking error was mainly positive during this period (as evidenced in Figure ,
it is important to repeat the analysis with 13th Feb 2020-21st Jul 2020 excluded.
Once again, when my < 0 data-driven hedging results in tracking error statistics in

between of that corresponding to the Black-Scholes benchmark. As fewer options
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are selected for hedging, data-driven hedging results in performance more similar to
that of delta hedging. All three methods obtain very similar performance to each
other for values of mg € {0.75,1.2,1.25}, which have the lowest total vega exposure
(Table . Interestingly, all three examples result in the underlying being selected
by data-driven hedging during the analysis period (Figure . The most significant
difference is visible in the my = 1.1 example, when data-driven hedging outperforms
the benchmarks in both variance and Value-at-Risk statistics. Outside of the Covid-19
pandemic, data-driven hedging always results in lower variance and 1% Value-at-Risk
than delta-vega hedging, even when more options are selected for hedging, resulting
in higher rebalancing costs.

Figure |4.11] indicates that the majority of the tracking error variance after 2020 is
due to the behaviour in 2022. During this time, data-driven hedging with VOLGAN
results in much more stable hedging performance compared to the Black-Scholes

benchmarks.

4.4.2 Robustness with respect to regularisation parameter

We investigate how the results of the data-driven hedging change with the change
of the search grid A for the regularisation parameter «. Furthermore, we compare
the performance for fixed v on three different scales. From Figure [4.14] we conclude
that for o = 0.001 overfitting occurs, whereas a = 5 results in underfitting. However,
a = 0.25 leads to a similar tracking error to that corresponding to a dynamic choice
of a via the AIC criterion.

Table contains the information from Table [£.2] in addition to the results
for data-driven hedging with potential values of the regularisation parameter in
A; = {0.01,0.05,0.1,0.5,1}. The tracking error statistics are very similar for both
the search grids A; and Ay = {0.01,0.02,...,0.2}, indicating robustness to the
regularisation parameter. However, it is important to note that much lower or higher
values of a may result in overfitting and underfitting, as demonstrated with o = 0.001

and a = 5.
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Figure 4.11: Tracking error Z; as a function of time for different values of mg. Once
an initial one-month straddle is expired, a new one is entered.
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Figure 4.12: Tracking error Z; as a function of time for different values of my on a
scale which is linear in [—50, 50], and logarithmic away from this interval. Once an
initial one-month straddle is expired, a new one is entered.
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Figure 4.13: Histogram of the tracking error Z; for different values of mg. Once an
initial one-month straddle is expired, a new one is entered.
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Statistics
Mean Median Std 5% VaR 2.5% VaR 1% VaR

Covid-19 Method

Delta -1.23  -044 3270  19.49 36.33 58.63
Included Delta-vega 0.98 0.00 29.70  10.90 19.70 43.72
Data-driven (A;)  0.58 -0.13  33.01  13.01 24.44 50.45
Data-driven (Az)  0.55 -0.16 3298  12.79 23.42 50.79
Delta -1.46  -0.36 8.40 13.22 22.84 36.66
Excluded Delta-vega -0.37 0.00 9.34 9.58 16.67 34.81
Data-driven (A;) -1.02  -0.18 8.16 10.80 18.08 35.35
Data-driven (A2) -1.05  -0.18 8.15 10.55 17.32 33.85

Table 4.8: Performance metrics for all values of mg over the entire test set (rounded to
two decimal places). The initial positions Z; = 0 are included in the statistics. Grid
searches for a: A; = {0.01,0.05,0.1,0.5,1} and A, = {0.01,0.02,...,0.2}.

Tracking error as a function of time (data-driven hedging) for different choices of a (mg =0.75)

a
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— 5
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Figure 4.14: Tracking error as a function of time, my = 0.75. Comparison between
different values of a. Opting for very low or very high values of a results in over-
fitting and underfitting, respectively. Opting for fixed a = 0.25 results in a similar
performance to performing a grid search over A; or Ay. The ” AIC selected” refers to
searching over A; = {0.01,0.02,...,0.2}.
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Chapter 5

FinGAN: forecasting and classifying
financial time series via generative
adversarial networks

5.1 Introduction

Following the use of generative models for risk management and hedging in Chapter
[, we now explore their potential in forecasting asset returns. While the previous
chapter focused on conditional simulation to support hedging decisions, our objective
in this chapter is to construct trading strategies using the forward-looking distributions
produced by generative models.

First, we fix a frequency At, and focus on a single particular asset. Denote by x;as
its return between times ¢ and ¢ + At. Although X; denoted non-tradable risk factors
in Chapters 1-4, we now repurpose the notation x; to refer to the asset return between
t and t + At. This change provides a unified notation across different return types
considered in this and the following chapter, including log-returns, excess log-returns,
and market residuals.

In line with the generative modelling framework of Chapter [, we investigate
how a generative model G, particularly a GAN, conditioned on past returns a;, =
(¢, Ti_a¢, - - - ) and latent noise Z ~ Pz, can be applied in a trading context.

This chapter is based on [130], and presents FIN-GAN, a conditional generative
adversarial network adapted to the forecasting setting. We place conditional GANs
into a supervised learning setting by introducing a novel economics-based loss function
for the generator. FIN-GAN outperforms a suite of benchmarks on daily stock market
data in terms of Sharpe Ratios achieved, while producing distributional forecasts and

uncertainty estimates. Furthermore, FIN-GAN alleviates issues around mode collapse.
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Although machine learning (and, more specifically, deep learning) has become
increasingly adopted in financial settings [Il, [102] and in time series forecasting [24],
training is typically done via a mean squared error objective, in a supervised learning
manner, without adversarial training. The most similar loss to ours is perhaps
QuantNet [86], who also opt for an objective based on trading strategy performance.

However, the approach of [86] offers only pointwise estimates.

Outline. Section introduces performance metrics, motivating the design of the
custom loss. Section [5.3|defines the FIN-GAN loss and provides model details. Section
describes the data and implementation considerations. Section introduces
benchmark models. Finally, Section is an empirical study on equity returns. Apart
from a single-asset setting, Section also studies FIN-GAN’s performance in a
universality [125] setting.

Code availability. The code used to implement FIN-GAN is publicly available at
https://github.com/milenavuletic/Fin-GAN.

5.2 Performance measures

There are a number of ways to measure model performance. Based on applications,
not all performance metrics are equally important. In order to compare one approach
to another, it is crucial to understand which properties of the data we care about the
most, in order to be able to construct appropriate performance metrics. Unlike in
Chapter |3 (for VOLGAN), we are not interested in analysing the statistical properties
of the simulated samples, but specifically in the trading performance of FIN-GAN.

Opting for the anti-symmetric version of the sign function,

1, x>0,
sign(z) =40, =0, (5.1)
-1, =<0,

a trade at time ¢ based on the expected sign of the forecast 2; ¢ will result in a PnL

of
PnLHAt =K [Sign (i'tJrAt)’ft] T+ At. (52)

Of course, in the case of pointwise forecasts, E [sign (Z¢4a¢) | Fi] = sign (Z14a¢). How-
ever, in case of a generative model G, the expected sign is given by E [sign (Z1ya¢) | Ft] =
E [sign (G(at, Z)], with Z ~ Py.
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Traditionally, when the task at hand is time series forecasting, one opts for
performance metrics such as MSE (mean squared error), RMSE(root mean squared
error), and MAE (mean absolute error). To define MAE and RMSE, suppose that
the real value we wish to forecast is @ = (xy,,...,2,) and that our forecast is
& = (Z4y,...,24,). This can be one generative model output given a single noise
sample, or the mean or the mode of the generated distribution given the corresponding
condition. Then, the mean absolute error and the root mean squared error are defined

as

1 n
MAE(z Z]mt il RMSE(x, &) = EZ(xti—;%ti)Q. (5.3)

i=1

As we wish to use the outputs of the generative model under consideration in a
trading context, MAE and RMSE may not be as they are in traditional time-series
settings. Hence, a metric based on profit and loss (PnL) is more suitable. While
both MAE and RMSE can be very low, it could still be possible to misclassify the
side/directionality of a large move in the underlying asset price, leading to a severe
PnL loss. Hence, we incorporate the PnL as one of our main performance metrics.

At each point in time, we produce forecasts for z;, o¢, and place trades based on
these forecasts. This sequence of trades results in a time series of PnLs. To minimise
risk and maximise profit, one aims for the PnL time series to be positive, and have low
variance. The larger the average of the PnL series is, the higher the profitability of our
strategy. The lower the variance of the PnL series, the lower the risk associated with
the strategy. Altogether, this leads us to employ the annualised Sharpe Ratio [124]
as our main performance measure. We remark that this is also the metric commonly
used by portfolio managers to assess the risk-adjusted performance of their strategies.

In order to estimate the expected sign of the return forecast Z;, ¢, we take B = 1000
i.i.d noise samples {z;};eq1,...py from Pz, for the same condition a;. The estimates of
probabilities of upwards and downwards moves are denoted by p, and pg, and are

more precisely defined as

B

B
g (at,2j)>0s pd B Z ]lG(at,zJ (5.4)

Then, the PnL resulting from the generator, taking into account our certainty of the

sign of the forecast, expressed in basis points is

wPnL'y = 10000(p!, — ph) i s (5.5)
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This is the PnL of an equivalent strategy, consisting of taking an average bet of
each of the generator’s outcomes given appropriate conditions across different noise
samples. Hence, we are penalising higher uncertainty more, and if we are not very
certain about the outcome, we attain significantly lower potential loss. We refer to
such an approach as the weighted strategy.

Since Sharpe Ratio is typically calculated via daily PnLs, we sum together the
individual PnLs over one day to reach daily PnLs. Suppose that there are trades at

times t € T; on a particular day ¢. Then, the resulting PnL for day ¢ is

wPnL"™ =Y "wPnLj. (5.6)

teT;
The more symmetric distributions we learn, the closer wPnL is to zero. We use the
weighted strategy introduced above to compute the annualised Sharpe Ratio, which

we use as our main performance metric. Given days ¢ € D, we estimate the Sharpe
Ratio SR as

PnlL

PnL=—Y wPnL™, SR=SR =252 7
i€D <ﬁ > iep(wPnLTi — PnL)2>

(5.7)
Annualised Sharpe Ratios of above 1 are considered to be good, above 2 are

considered to be very good and those above 3 are referred to as excellent.

Remark 8. Note that we do not take transaction costs into account.

5.3 FIN-GAN loss function

The main contribution of our work lies in introducing a novel economics-driven loss
function for the generator, which places GANs into a supervised learning setting.
This approach allows us to move beyond traditionally employed methods for pointwise
forecasting and move towards probabilistic forecasts, which offer uncertainty estimates.
Furthermore, we are evaluating the performance based on the sign of the predictions,
meaning that we are interested in classification, which our loss function is more

suitable for.

5.3.1 Motivation

We are interested in correctly classifying returns/excess returns, especially when the

magnitude of the price moves is large, rather than in producing forecasts close to
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the realised value. The motivation is that one may produce a forecast which is close
to the realised value of the time series, but has the opposite sign. In financial time
series forecasting, correctly estimating the sign when it matters the most is often more
important than forecasting close to the realised value. We aim to provide the generator
with more information, such that it better replicates the sign of the data, which is the
crucial component of the task. The main reasons and benefits of using the FIN-GAN

loss function terms can be summarised as follows:
e shift the generated conditional distributions in the correct direction,

render GANs more amenable to a classification task,

provide effective regularisation,

help the generator learn more, especially in the case of weak gradients,

help evade mode collapse; by making the generator loss surface more complex,

the generator is less likely to converge towards sharp local minima [53].

5.3.2 The loss function

In the remainder of the section, we define three loss function terms, namely PnL,

MSE, and Sharpe Ratio based, which we use to train the generator.

PnL term The first and most obvious choice of a loss function term to included
in the generator’s training objective (to maximise) is the PnL. However, the sign
function is not differentiable, rendering it impossible to perform backpropagation. In
order to alleviate this issue, we propose a smooth approximation to the pPnL, which

we denote as PnL*, defined as
PnL* (69) =E [PnLZ([L‘t+At, G(at, Zt7 09)] s (58)

where 4,7, is a data sample (return between ¢ and ¢t + At), a, is the corresponding
input condition, Z; is i.i.d. Pz, and PnL} is a smooth approximation to the PnL for
a particular forecast

PnL:(z,z) = tanh(kig,n?). (5.9)

The hyperparameter ki, controls the accuracy of our approximation. As values of
excess returns are usually small, it is desirable for ki, to be large enough to have
a good approximation, but at the same time small enough to have strong gradients

which the generator can learn from.
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MSE term Even though we are mainly interested in the sign of our forecast, we
would also like to have z;, a; close to xy1a;. In order to enforce this, we add an MSE

term to the training objective

MSE(0,) =E [(zi4ae — Glay, Z4;60,))] - (5.10)

Sharpe Ratio term As our main measure of performance is the annualised Sharpe
Ratio, we introduce an SR-based loss function term for the generator to maximise.
However, due to the prohibitive computational cost, we did not implement the weighted
strategy during training, and instead worked with point estimates, given one noise
sample per condition window. We do not consider daily PnLs, as the consecutive
data points in during training do not necessarily come in order. We hence define the

Sharpe Ratio term to be maximised by the generator during training, denoted by SR*

SR*(eg) . E[PnLZ($t+At’G(at7Zt;09)]

= . (5.11)
VVar [PnLi(zeae, Glas, Zi;0,)]

Standard deviation (of the PnL series) term Maximising the Sharpe Ratio
means maximising the PnLL and minimising the standard deviation of the PnLs. Hence,

it is natural to consider a standard deviation term, which we define as

STD(6,) = \/Var [PnLi(zear Glar, Zi:6,)]. (5.12)

Since the loss term defined above refers to the standard deviation of approximate
PnlLs, it should only be included in the training objective if the PnL* term is included,
due to the hierarchy principle. The SR* term and the PnL* combined with the
STD term convey the same information, so the three should not be included in the
loss at the same time. However, although the goal of maximising SR* is the same
of simultaneously maximising PnL* and minimising S7T'D, the gradient norms are
different, which may result in different behaviour during training. Note that we
consider standard deviation, rather than variance due to the inclusion of standard

deviation in the SR* term.

An economics-driven loss function for the generator. Finally, we integrate
all of the aforementioned loss function terms defined in Equations (5.8]), (5.10) and
(5.11)), and arrive at the FIN-GAN loss for the generator

LE(04,0,) = JD(04,0,) —aPnL*(0,) +BMSE(8,) —vSR*(0,) +6STD(0,), (5.13)
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where J(@ is one of the standard GAN losses (zero-sum, cross-entropy or Wasserstein),
and the hyperparameters a, 3, are non-negative. In prior numerical experiments,
the Wasserstein-GAN with gradient penalty version [5] suffered from explosion, hence
we opted to use the binary cross entropy loss for J(©) . The discriminator is a
classifier as in the conditional GAN setting, also trained via the binary cross entropy
loss ([1.2)). We aim to minimise a usual generator loss (J (©)), maximise the PnL-based
loss function term, minimise the MSE term, and maximise the SR-based loss function
term, or jointly maximise the PnL. and minimise the STD term. Assuming ergodicity,
we replace the expectations with (mini-batch) sample averages for training.

The loss function combinations which we investigate are PnL*, PnL*&STD,
PnL*&MSE, PnL*&SR*, PnL*&MSE&STD, PnL*&MSE&SR*, SR*, SR*&MSE,
MSE, BCE only. The standard deviation term refers to the PnL term, so due to
the hierarchy principle, it is included only if the PnL term is. When it comes to
FIN-GAN, there needs to be an economics-driven loss term included, hence for FIN-
GAN we only consider the following options: PnL*, PnL*&STD, PnL*&MSE,
Pnl*&SR*, PnL*&MSE&STD, PnL*&MSE&SR*, SR, SR*&MSE. In other

words, we impose the following conditions on «, 3,7, §:
e max(«,y,0) > 0 (at least one additional term other than MSE is included).

e If 5 > 0 then max(«,~,d)> 0 (if the MSE term is included, then another term
is included).

e If § > 0, then @ > 0 (the ST'D term is included only if the PnL* term is).
e min(y, §) =0 (SR* and STD terms are never included at the same time).

We refer to conditional GANs trained via the loss function defined by Equation
(5.13) and the rules above as FIN-GANs.

5.3.3 Benefits and challenges of the FIN-GAN loss function

The novel loss function terms do indeed shift the generated distributions, help evade
mode collapse, and improve Sharpe Ratio performance, which we demonstrate in
an extensive set of numerical experiments. Including the new loss function terms
introduces four new hyperparameters to be tuned, rendering the optimisation a more
challenging problem. However, the gradient norm matching, introduced in in Chapter

B}, mitigates this issue.
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In addition, the loss surface becomes more complex, raising convergence challenges.
In initial numerical experiments, when exploring a wider range of hyperparameters
a, 3,7, the MSE and the Sharpe Ratio terms appeared to encourage the generator
to produce very narrow distributions. It is not immediately obvious why the Sharpe
Ratio term with a high v coefficient would result in mode collapse, as it encourages
the PnLs to have a low standard deviation, and not the generated samples. However,
including the PnlL-based term helped alleviate the issue of mode collapse, which is
related to convergence to sharp local minima [53]. The PnL term helps the generator
escape such areas of the loss surface.

When gradient norm matching was used to tune the hyperparameters «, 3,7, 6,
there was no mode collapse in FIN-GAN no matter the initialisation of network weights.
However, we noticed that using Xavier initialisation [59] instead of He initialisation
[66] helped reduce the number of iterations of ForGAN with mode collapse. With He
initialisation, this occurred in 67% of the cases. Opting for normal Xavier initialisation
resolved this issue.

The classical generator loss term, i.e. the feedback received from the discriminator,
allows learning conditional probability distributions, instead of only pointwise forecasts.
The remaining loss function terms promote sign consistency (enforced by the PnL and
Sharpe Ratio terms), while at the same time targeting to remain close to the realised
value (MSE).

If the hyperparameters «, 3,7, d are too large, the feedback of the discriminator
becomes negligible, and we move towards the standard supervised learning setting,
using a generator-only model. On the other hand, if a, 3,7, are too small, we are
not providing any extra information to the generator, thus remaining in a classical
GAN setting. The additional information about the data communicated through the
novel loss function terms is especially invaluable in the case of weak gradients coming
from the discriminator/critic feedback, as the generator can still make progress in
this case. This all together leads to a better classification of the data in terms of
directional price movements, i.e. correctly classifying the sign of future time series
values, alongside uncertainty estimates of the movement direction. The gradient norm
matching procedure ensures that all loss terms are treated as equally important, and

that the corresponding hyperparameters are neither too large, nor too small.
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5.4 Data description and implementation consider-
ations

In this section, we outline the main characteristics of the data sets we use, and further
describe the ForGAN architecture, which we use in implementation. Next, we discuss
the training setup, including the hyperparameter choice as well as optimisation. Finally,
we demonstrate the general behaviour of the FIN-GAN model, which recurrently

surfaced throughout the numerical experiments.

5.4.1 Data description

We consider daily stock ETF-excess returns and daily raw ETF returns, extracted
from CRSP on Wharton Research Data Services. The time frame of interest is Jan
2000-Dec 2021. All time series have the same training-validation-testing split, namely
80—10—10. That is, the training period is 3rd Jan 2000 - 9th Aug 2017, the validation
period is 10th Aug 2017 - 22nd Oct 2019, and the testing period is 23rd Oct 2019 - 31st
Dec 2021. These three time periods are very different from an economic perspective,
and it is important to note that the test data includes the start of the Covid-19
pandemic, rendering the problem more challenging. We consider close-to-open and
open-to-close returns sequentially, and refer to each one of them as one unit of time.
In other words, one input time series alternates intraday open-to-close and overnight
close-to-open returns. The input condition is a; = (@4, ..., 24— (L-1)a¢), with L = 10,
corresponding to one full trading week in this context.

The prices are adjusted by division with the cumulative adjustment factor provided
(¢facpr), and both the intraday and the overnight returns are capped at +15%, to
alleviate the effect of potential outliers. To pre-process the data, we first create
one time series consisting of consecutive close-to-open and open-to-close returns,
then chronologically split the data into three disjoint shorter time series (training-
validation-testing), and we appropriately further process the three resulting time
series.

We consider ETF-excess returns for 22 different stocks across nine sectors, and
raw returns of the nine sector ETFs. All stocks are current members of the S&P500
index. The tickers, along with their sector memberships, are shown in Table [5.1}

Assuming that asset A has price S at time ¢, its return from time ¢ to ¢ + At is
defined as

RA . =1 St 5.14
t+At — 108 A . (5.14)
t
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Sector name ETF ticker Stock tickers

Consumer Discretionary XLY AMZN, HD, NKE
Consumer XLP CL, EL, KO, PEP
Energy XLE APA, OXY
Financial XLF WFC, GS, BLK
Health Care XLV PFE, HUM
Industrial XLI FDX, GD
Technology XKL IBM, TER
Materials XLB ECL, IP
Utilities XLU DTE, WEC

Table 5.1: Tickers and ETF's used for numerical experiments.

If the sector to which asset A belongs, has the corresponding ETF I whose return
at time ¢ is R, then the excess return of the asset A from time ¢ to t + At is defined
as

refyar = Rivar — Risar (5.15)

Then, in the case of a stock A the return we wish to forecast is i ar = refa,.
Similarly, for an ETF I, we forecast raw returns s ar = Ri A,

At time t, we enter a position based on the expected directionality of x;;a;. In
case of ETF-excess returns, a positive outlook on z;,; would correspond to long

stock and short ETF, the same nominal amount.

5.4.2 Architecture

For the single-stock/ETF numerical experiments, the ForGAN architecture [85] with
LSTM cells [70] was used, as shown in Figure Due to the small size of the data
sets used, the corresponding layer dimensions and the noise dimension are all set to
8. The generator uses ReLLU as activation function, while the discriminator uses the
sigmoid.

Although we use the ForGAN architecture to study the performance of FINGAN,
an additional area of interest would be to explore how one might combine the Fin-GAN
loss with architectures such as COT-GAN [143] and Time-GAN [145].
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Figure 5.1: ForGAN architecture using an LSTM cell.

5.4.3 Training

Avoiding further hyperparameter tuning, the optimiser used throughout is RMSProp
[68], and normal Xavier initialisation [59] is used for the weights. The discriminator
and the generator are trained wsing an alternating direction method, having one
discriminator update per one generator update. We use reference batch normalisation,
picking the first 100 samples from the training data serving as the reference batch,
to not be anticipative. Due to time dependence, LSTM cell state and hidden state
are both set to zero at every call, aiming to learn one-step transitions. Mini-batch
size is 100. The learning rates of both networks are set to 0.0001. We train for 25
epochs at the start, using the BCE loss only in order to implement the gradient norm
matching, and find the values for «, 5,7, 0 coefficients. We then branch away from the
generator and the discriminator by training via every suitable loss combination for

100 more epochs. At the end of the training stage, we calculate Sharpe Ratio on the
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validation set, and choose the loss function combination, and the optimised generator
which maximises it. Due to differences in economic periods for validation and testing,
it may not be the case that the networks which would perform well on the test set are
chosen. However, this approach allows us to ensure good performance, regardless of
periods of crisis. The code is implemented in PyTorch. The FIN-GAN algorithm is
summarised in Algorithm [2]

Remark 9. One may explore a wider range of hyperparameters a, (3, v, 9, learning
rates lry, lrq, hidden dimensions RG, RD, noise dimension N, as well as completely
different architectures, by evaluating Sharpe Ratio on the validation set, and opting

for the hyperparameter/architecture maximising it.

Algorithm 2 FIN-GAN algorithm

Input: Hidden dimensions of the generator and discriminator; noise dimension; target size; condition window;
discriminator and generator learning rates; training data; validation data; testing data; number of epochs for gradient
matching ng,qq; number of training epochs nepocns; minibatch size npq¢ch; mode collapse threshold €; number of
samples for the weighted strategy B;

Step 0: Take the first nyq¢cn items from the training data set as the reference batch for data normalisation. Initialise
the generator gen and the discriminator disc networks.
Step 1: Matching the gradient norms to find a, 3,,9.
for ng,.qq epochs do
Split the training data into the minibatches.
for number of minibatches do
Calculate norms of gradients of the BCE, PnL*, MSE, SR*, STD terms with respect to 6.
Label them as gradyp, grada, gradg, grad, grads.
Update disc and then gen parameters via RMSProp and the BCE loss.
end for
end for
o <+ mean(grado/grada); B < mean(grado/gradg);
~ - mean(grado/grad,); 0 < mean(grado/grads)
Step 2: Training and validation.
Label the possible loss function combinations (PnL*, PnL*&STD, PnL*&MSE, PnL*&SR*, PnL*&MSE&STD,
PnL*&MSE&SR*, SR*, SR*&MSE) as L;, for i = 1,...,8 respectively.
fori=1,...,8do
gen; < gen; disc; < disc.
for nepochs do
Split the training data into the minibatches.
for number of minibatches do
Update disc via RMSProp and J(P).
Update gen via RMSProp and L;.
end for
end for
Take B samples from gen; for each day in the validation set.
SRfml < Sharpe Ratio on the validation set.
end for
¥ argmax{SRf}al ci=1,...8}; gen* < gen;x.
Step 3: Ewaluation on the test set.

For each time ¢ in the test set, take B i.i.d. outputs from gen;=, fé, i=1,...,B.
Point estimate for each time 7; <— mean(7}).
MAE < MAE(ry,7¢); RMSE < RMSE(r¢,7¢);
Implement the strategy, pair up days into two.
Calculate the annualised Sharpe Ratio SR and the mean daily PnL. PnL.
if std({78}i=1,...,B) < € or std({t}tctest set) < € then
Mode collapse.
else
No mode collapse.
end if
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5.4.4 Gradient stability

Before incorporating the additional loss function terms, we first investigate the be-
haviour of the gradient norms during training, in order to check for exploding and
vanishing gradients. We train ForGAN, performing updates on the BCE loss using
RMSProp [68], for 25 epochs, the period used for gradient norm matching. In Figure
we display sample gradient norms of each term Equation . The data used
in this example is the daily excess stock returns time series of PFE. We observe that
there are no vanishing or explosion phenomena, and that the gradient norms are on a

similar scale. This also holds true for other tickers used in our experiments.
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Figure 5.2: Sample generator gradient norms during training of different terms (PnL,
MSE, SR, STD, BCE) with respect to 6,. Updates were performed using the BCE
loss only.
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5.4.5 Generated distributions

Samples of generated distributions when training using different FIN-GAN loss
function term combinations are displayed in Figure All of the distributions shown
are generated using the same training data (excess returns of PFE), and the same
condition in the test set (they have the same target). Throughout the numerical
experiments, training via just the BCE loss on its own would produce more symmetrical
distributions, whereas the incorporated FIN-GAN loss function terms would help shift
the forecast distributions. We also investigate the generated means and compare them
with the true distributions of the target in Figure [5.4. We note that in this particular
example, the Pnl. and STD combination has a similar behaviour to the SR term on
its own. This is not surprising as both convey the same information, although they
have different gradients. Both options have the biggest distribution-shifting effect in
this example. We note that apart from the PnL with STD, and SR loss terms, all of
the generated means resemble the true target distribution. Furthermore, including
the MSFE term prompted the distribution of the means to be closer to that of the
true returns.

Figure allows us to illustrate the weighted strategy (based on the expected sign
of the forecast) that GANs are able to employ due to uncertainty estimates. In this
particular forecast, the SR, as well as PnlL and STD, would result in long ETF and
short stock with weight one, whereas the PnL., MSE and SR combination would have
a similar trade of a slightly lower weight, and the other combinations would result in
very small trades due to uncertainty about the sign of the forecast. Although we are
considering the FIN-GAN loss terms only in Figures [5.3] and [5.4] it is important to
note that the average correlation between the BCE loss and the BCE loss with the
MSE term added to it is 99.7%.

We observe that it is beneficial to train on a combination of the loss terms, as they
are able to produce shifts in generated distributions and evade mode collapse. The
benefit of jointly using the FIN-GAN loss function terms is backed up by the Sharpe
Ratio performance, which we analyse in Section [5.6]

It is important to highlight that the configuration chosen as optimal during the
validation stage will vary from instance to instance. Figures|5.3|and are illustrative

examples of resulting distributions obtained by training via different objectives.
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Figure 5.3: An illustration of how the FIN-GAN loss function terms can shift generated
distributions. All the distributions shown are generated using the same condition
window. The black vertical line is the true value, the target. The data used are the
ETF-excess returns of PFE.
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Figure 5.4: Illustration of generated out-of-sample (one-step-ahead) means on the
test set, obtained by training on different loss function combinations. Training data:
PFE excess returns. The loss function with the best Sharpe Ratio performance on the
validation set is PnLL-MSE-SR, for this particular instance.
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5.5 Benchmark algorithms

Apart from the standard ForGAN (GAN with the ForGAN architecture trained via
the BCE loss), we compare our FIN-GAN model with more standard supervised
learning approaches to time series forecasting: ARIMA and LSTM. For completeness,
and to demonstrate that the task at hand is non-trivial, we further include PnL and
Sharpe Ratio values of long-only strategies, where the expected sign is 41 for each
observation. All comparisons have the same training-validation-testing split as those

used in the FIN-GAN experiments.

ARIMA. We first recall the auto regressive integrated moving average (ARIMA),
a very classical time series model [I31]. The parameters p,d,q in ARIMA(p,d, q)
correspond to the autoregressive, differencing, and moving average parts, respectively.
The differencing coefficient d indicates how many times we need to difference our
initial time series in order to reach a time series X; which has no unit roots. To
determine d, we perform the augmented Dickey-Fuller (ADF) test [49]. In our case, all
of the time series had p-values smaller than 107, indicating stationarity. This is not
surprising, since we are working with returns and excess returns, which are already
differenced log-prices time series. Therefore, in our setting, we set d = 0 throughout,
hence working with ARMA(p, ¢) models of the form

Xt = 041th1 —+ -4 OépXt,p + € + 916,5,1 + 4+ qut,q, (516)

where €y, ..., € are white noise terms, ; are the moving average parameters, and «;
are the autoregressive parameters. In order to determine the most suitable p and ¢,
we plot the autocorrelation (ACF) and partial autocorrelation (PACF), which indicate
that p,q € {0,1,2}. We fit ARMA(p, q) with (p,q) € {(1,0),(1,1),(2,0),(2,1),(2,2)}
and choose the model with the lowest Akaike Information Criterion (AIC).

LSTM. Long short-term memory networks, or LSTMs [70], belong to the class of
recurrent neural networks. They help with the vanishing/exploding gradients problem,
and are particularly well-suited for working with time series. At every call time, there
is the input, the previous cell state and the previous hidden state (the previous LSTM
output). These are then processed by the forget gate, the input gate, and the output
gate, in order to create the new cell state and the new hidden state, the output. An

illustration of the LSTM cell architecture is shown in Figure [5.5]
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Figure 5.5: Hlustration of an LSTM cell.

For training, we use the same setup as for FIN-GAN. That is, we use RMSProp
as the optimiser of choice, train for 125 epochs in total. We are in a regression setting

now, so the LSTM is trained to minimise the MSE loss. The rate is once again 0.0001.

LSTM-Fin. We also train LSTM on the appropriate combinations of the (baseline)
MSE loss, PnL*, SR*, and STD loss terms, in order to have a better comparison
with FIN-GAN. We use the same methodology as we did in the FIN-GAN setting, also
performing gradient norm matching to determine the values of the hyperparameters
corresponding to the newly included loss terms. That is, we consider the loss function
(5.17), including and excluding the PnL*, SR*, and STD loss terms via the same
rules that apply to FIN-GAN, determining the values of the hyperparameters «, 7y, d
using the same gradient norm matching procedure, and determining the final loss
function combination to be used for testing by evaluating the Sharpe Ratio on the

validation set.

L (x, &) = MSE(x, %) —aPnlL*(x,%) —vSR*(x, &) +0STD(x,&).  (5.17)

Long-only strategies. We also remark on the results of long stock and short ETF
(for the stock data); and long-only ETF (for the ETF data), which corresponds to

constantly forecasting +1 for the sign.
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5.6 Empirical results

In this section, we first consider a single-ticker setting. That is, we train FIN-GAN
and the benchmarks on ETF-excess returns/raw returns of a particular stock/ETF.
We then explore the notion of universality, in the spirit of [125], on three different
sets of stocks. We pool the data across the tickers used in the single-ticker setting,
and train FIN-GAN as if the data was coming from the same source. We repeat this
methodology on stocks belonging to the same sector (Consumer Staples), with and
without the XLP raw returns used in the training stage. In the universal setting, we
further investigate the performance of FIN-GAN on stocks not previously seen by the

model during training.

Remark 10. In this and the following chapter, transaction costs and bid—ask spreads
are not considered. Hence, these simulations represent idealised, frictionless strategies.
In practice, spreads would affect the trade size and frequency. For example, rebalancing
maght occur only if the absolute expected return exceeds the bid—ask spread, or if there
is a significant change in the expected forecast sign. While this simplification does not
alter the validity of our methodology, it would reduce absolute performance levels in

real-world tmplementation.

5.6.1 Single stock & ETF settings

We first examine the summarised performance of the models under consideration:
FIN-GAN, ForGAN (trained via the BCE loss), LSTM, LSTM-Fin, ARIMA, and the
long-only approach. The statistics of interest are the annualised Sharpe Ratio, mean
daily PnL, MAE, and RMSE. All statistics are summarised by computing the mean
and the median across the 31 data sets (22 stocks and 9 ETFs) used in the numerical
experiments. Additionally, we report on the portfolio Sharpe Ratio by first summing
the daily Pnls across all tickers in the universe, and then computing the Sharpe Ratio
of the resulting daily PnL time series. These summary statistics are shown in Table
B2

We remark that the highest mean, median, and portfolio Sharpe Ratios are achieved
by FIN-GAN, followed by LSTM. The median Sharpe Ratio achieved by FIN-GAN is
close to twice that of LSTM. Furthermore, we note that despite the Sharpe Ratio being
the highest when using the FIN-GAN approach, the highest mean PnLs are achieved
by the LSTM, and the highest median PnLs by ARIMA. This altogether demonstrates
the significant reduction in variance and higher consistency of the generated PnL by

FIN-GAN, compared to the other models. It is also a consequence of placing smaller
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FIN-GAN ForGAN LSTM LSTM-Fin ARIMA Long-only

Mean SR 0.540 0.033 0.467 0.341 0.206 0.182
Median SR 0.413 -0.092 0.214 0.170 0.204 0.194
Portfolio SR 2.107 0.172 2.087 0.942 0.612 0.618
Mean PnL 2.978 0.25 4.123 2.361 2.059 2.350
Median PnL 1.890 -0.673 1.959 1.735 2.245 1.975
Mean MAE 0.044 0.052 0.007 0.007 0.007 -
Median MAE 0.008 0.009 0.007 0.007 0.007 -
Mean RMSE 0.049 0.056 0.012 0.012 0.012 -
Median RMSE 0.012 0.014 0.011 0.011 0.011 -

Table 5.2: Summary of performance metrics over the models across the stocks and
ETFs. SR refers to the annualised Sharpe Ratio, and PnL refers to the mean daily
PnL.. MAE and RMSE represent the mean absolute error and the mean root squared
error, respectively. Highlighted are the best-performing results according to each
metric.

trades compared to other strategies due to the ability to leverage the uncertainty
estimates and implement the weighted strategy. We stress the beneficial effect of
the novel loss function terms on performance, evidenced by the mean, median, and
portfolio Sharpe Ratios achieved by FIN-GAN being significantly higher than those
achieved by ForGAN trained on the BCE loss only.

We further note that ARIMA attains the best performance in terms of RMSE and
achieves the best mean MAE, while LSTM achieves the lowest median MAE. We also
remark that the non-GAN models have their MAE and RMSE summary statistics
on the same scale, while the mean MAE and RMSE are significantly higher for the
GAN models. However, the medians are on a similar scale to the other models, and
errors are reduced when moving from ForGAN to FIN-GAN. Investigating RMSE
and MAE in Figures and [5.10] respectively, we find that the main cause of such
high mean MAE and RMSE achieved by FIN-GAN is performance on IBM. However,
FIN-GAN achieves higher Sharpe Ratio (Figure and PnL (Figure than the
other models in this case. Similarly, even though ARIMA attains values close to the
realised ones, it does so on the opposite side of the real line, when the movements in
the underlying are large, resulting in lower PnLL and lower Sharpe Ratios. We note
that the summary statistics achieved by the non-deep learning approaches, ARIMA
and long-only, are similar, and that they achieve better performance than ForGAN
trained via the BCE loss —. The long-only column indicates that the task
at hand is non-trivial, given that the only ticker on which a Sharpe Ratio above
one is achieved is XLK. This is not surprising given the continued increase in stocks

belonging to the technology sector during the Covid-19 pandemic. Furthermore, the
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positive effect that the economics-driven loss function terms had in the GAN setting
is not visible in the case of LSTMs.

The above experiments have shown that FIN-GAN outperforms, on average,
ForGAN, LSTM, ARIMA and long-only benchmarks. We now further investigate the
behaviour of Sharpe Ratios at the individual ticker level. The annualised Sharpe Ratio
performance across the models and tickers is displayed in Figure We observe
that the FIN-GAN model outperforms all other benchmarks, being able to achieve
very competitive Sharpe Ratios, especially in light of the fact that we are dealing
with single-instrument portfolios. Sharpe Ratios achieved by FIN-GAN are more
stable than those of LSTM, and the only ticker with Sharpe Ratio below —1 is X LY
(Consumer Discretionary). This is not surprising, as this sector ETF had a crash at
the start of the Covid-19 pandemic, and was consistently growing during the time used
for validation. On the data sets on which LSTM achieves Sharpe Ratios above 1 or 2,
FIN-GAN does so as well, achieving similar Sharpe Ratios, or a group higher in the
case of CL. Altogether, we observe clear benefits from using FIN-GAN when compared
to the other methods, in terms of Sharpe Ratio performance. The breakdown of the
FIN-GAN cumulative PnL. performance by ticker is displayed in Figure [5.8. We
remark that the Covid pandemic had a different effect on different stocks, and that

performance in March-June 2020 is the main cause of volatility in the attained Pnls.
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Figure 5.6: SR (annualised Sharpe Ratio) obtained by different methods on the test
set.
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Mean daily PnL
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Figure 5.7: Mean daily PnL in basis points obtained by different methods.
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Figure 5.8: Cumulative PnL across tickers achieved by different loss function combina-
tions of FIN-GAN. The portfolio PnL is the average PnL displayed in black, multiplied
by the number of instruments. A comparison of the overall portfolio performance
across the benchmarks (and the FIN-GAN loss function combinations) is shown in

Figure

In terms of the overall performance, FIN-GAN and LSTM outperform all the other

methods under consideration. Cumulative PnL plots of the corresponding portfolios
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are shown in Figure 5.9, The deep learning models recover from the Covid-19 shock
much faster than ARIMA and long-only do, and we note that most of the volatility
in the generated PnLs is stemming from the pandemic. In Figure [5.9| we display the
cumulative PnLs achieved by different FIN-GAN loss combinations, including MSE
with BCE term only, which on average has a 99.7% correlation with ForGAN. It is
evident that the overall performance is increased by using validation, rather than
using the same loss combination from the start for every data set. The LSTM has a
higher portfolio PnL, but the path is more volatile, especially from March 2020 until
June 2020, resulting in a lower Sharpe Ratio than FIN-GAN.

Portfolio cummulative PnL

—— FnGAN
ForGAN
— 15TM
—— LSTM-Fin
—— ARIMA
— Long-only
MSE
SR MSE
SR
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PnL SR
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Figure 5.9: Portfolio cumulative PnL of different models. Dashed lines correspond
to PnL paths generated by the appropriate FIN-GAN loss function combinations
(including MSE alone).

Concerning the mean daily PnL performance displayed in Figure [5.7, we note that
ARIMA and the long-only approach have a tendency of producing mean daily Pnls
on the same scale, while LSTM attains the highest PnLs on average. However, the
PnLs achieved by LSTM fluctuate significantly from ticker to ticker. The mean daily
PnLs achieved by the GAN approaches have a much lower standard deviation (4.85 for
FIN-GAN;, 4.00 for ForGAN) than LSTM (7.48), LSTM-Fin (7.53), ARIMA (6.26),
and long-only (5.97), showcasing the benefits of being able to leverage the uncertainty

estimates for developing a weighted strategy with dynamic sizing.
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Figure 5.10: MAE obtained by different methods.
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Figure 5.11: RMSE obtained by different methods.

Next, we comment on the breakdown of the chosen loss function combinations in

it can be beneficial to utilise

the FIN-GAN performance. As shown in Figure
the introduced loss function terms together, both for shifting distribution purposes,

achieving a better approximation to the data distribution, and for avoiding mode
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collapse. We remark that the inclusion of the MSE term is very prominent, and that
interestingly, the PnlL and Sharpe Ratio combination was never chosen. The most
common choice was Sharpe Ratio with MSE, in 29% of the cases. The breakdown of

the number of times each of the combinations was used is shown in Table [5.3]

Combination Count
PnL 3
SR 3
PnL & MSE 5
PnL & SR 0
SR & MSE 9
PnL & MSE & SR 4
PnL & STD 5
PnL & STD & MSE 2

Table 5.3: Number of chosen (highest SR on the validation set) FIN-GAN loss function
term combinations across the data.

We compare the Sharpe Ratio performance of the different FIN-GAN loss function
combinations on the test set, and show the results in Figure[5.12] Due to the differences
in validation and test set, sometimes a sub-optimal loss function combination is chosen
during the validation stage. However, we note that performing validation in order to
choose which terms to include in the training objective improves the Sharpe Ratio

performance of the model.
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Figure 5.12: SR (annualised Sharpe Ratio) obtained by different loss combinations of
FIN-GAN on the test set. The chosen loss combination is reported in parentheses, for
each ticker.
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As previously discussed, SR and the combination of PnL and STD (PnL & STD)
terms convey the same information, but have different gradients, and may result
in different forecasts. Hence, we investigate the average Pearson correlation of the
obtained out-of-sample PnLs (test set) by different loss term combinations. It is not
surprising that there is a high correlation between combinations with the MSE term
included, and the corresponding ones with the MSE term excluded. The correlation
between the SR term and PnL & STD term is 33.5%, indicating that the two learn
very different distributions, while once the MSE term is included, the correlation
increases significantly.

An important finding is that the correlation between the MSE term with the
BCE loss and the BCE loss is 99.7% on average, implying that ForGAN trained via
the binary cross entropy loss is already aiming to produce outputs close to the real
values. This behaviour could be simply explained by the structure of the data and
the task at hand: since there is a true target for each condition, that is, the empirical
conditional distribution is point mass pgasa(Tirarlar) = d(xiiae) if L is large enough.
Hence, it is not surprising that the forecast values close to the target would receive
high scores from the discriminator, encouraging mode collapse in a classical GAN
setup. This further supports the decision to use ForGAN as the baseline, its suitability

for probabilistic forecasting, and the necessity to customise it to a financial setting.

Average PnL correlation across tickers
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Figure 5.13: Mean out-of-sample (test) correlation of PnLs across different tickers of
the FIN-GAN loss term combinations.
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5.6.2 Universality

We test for universality in our approach, in the spirit of [125]. However, due to
computational cost, we are only able to perform numerical experiments on a small
universe of stocks and ETF's, the 31 previously used. We do not attempt to learn from
the cross-asset correlations, but rather consider each time series individually. That
is, we employ the single-asset model, where we combine (pool) the data from all 31
tickers. We test the performance of the model on all stocks used for training, and
on four additional unseen stocks. The time periods for the training, validation, and
test sets across different tickers, as well as the FIN-GAN methodology remain the
same. A summary of the Sharpe Ratio performance of the small universal model is
shown in the heatmap displayed in Figure [5.14] The Single Stock column refers to the
highest Sharpe Ratio achieved by the single-stock model when training on a particular
ticker only. Stocks CCL, EBAY, TROW, and CERN have not been seen by the model
during the training stage. We note that it is possible to achieve competitive Sharpe
Ratios even on unseen stocks. For example, Sharpe Ratios achieved on THROW data
are often above 1, despite the fact that the universal model has never seen the EBAY
data. Figure indicates that some of the stocks included in the training of the
universal model benefit from the pooled training with other stocks, but not all. This
is most visible for XLY, where the achieved Sharpe Ratios are either significantly less
negative, or even positive. The overall performance not increasing could be due to
our universe of stocks being small, and not having strong correlations. One would
expect that cross-asset interactions are more informative when stocks belong to the
same sector.

We repeat the same analysis using stocks from the Consumer (XLP) sector. We
perform one set of numerical experiments with XLP data (raw returns) included
in the training data, and another set of experiments without it. The Sharpe Ratio
performance without the XLP data included is shown in the heatmap displayed in
Figure [5.15] while same performance when the XLP data is included is shown in Figure
.16} Stocks unseen by the model are SYY and TSN. Similarly to the previously
discussed universal model, Sharpe Ratios achieved on the unseen data can be very
competitive, see for example TSN. When XLP data is included, the model chosen
by validation is PnLL & SR, achieving a good overall portfolio SR of 1.43 on the test
set. Although not all stocks have a positive Sharpe Ratio, this combination achieves
good and even very good SRs, including the Sharpe Ratio of 1.55 on unseen TSN
data. An important observation is that the Sharpe Ratio on XLP data, in this case, is
1.11, compared to 0.393 in the single-stock setting. Other ETFs might as well benefit
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from being trained alongside their constituents. When XLP data is removed from the

pool of stocks used for training, the model of choice is SR. The portfolio Sharpe Ratio

reduces to 1.18, but remains competitive. Comparing the heatmaps in Figures [5.15
and [5.16] we conclude that there is a clear benefit from including the ETF data in the
training process of FIN-GAN, but not of ForGAN. Training alongside the XLP data

results in more stable Sharpe Ratios compared to the model without it.
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Figure 5.14:

Annualised Sharpe Ratio
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Summary of Sharpe Ratio performance for individual stocks in the

universal model. Each column represents a different combination of the loss function
terms. The Single Stock column shows the best FIN-GAN performance when trained
on a particular stock/etf. CCL, EBAY, TROW and CERN have not been seen by the
model during the training stage.
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Annualised Sharpe Ratio
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Figure 5.15: Summary of Sharpe Ratio performance on stocks constituents of the
XLP sector. Each column represents a different combination of loss function term.
SYY and TSN have not been seen by the model during the training stage.
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Figure 5.16: Summary of Sharpe Ratio performance on the stocks belonging to the
XLP sector, with XLLP data included in the training data. Each column represents a
different combination of loss function terms. SYY and TSN have not been seen by
the model during the training stage.
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Chapter 6

Graph-based ensemble generative
modelling for multi-asset
forecasting

6.1 Introduction

Building on Chapter[5] which introduced Fin-GAN as a generative model for directional
forecasting, we now investigate how to scale such models using a graph-based ensemble
framework that accounts for cross-asset relationships. This chapter is based on the
methodology developed in [135], where we propose a hybrid framework that combines
independent training with performance-based cross-asset generalisation. This involves

a three-step process:

1. Train individual generative models on each asset independently.

2. Construct a directed graph whose nodes represent these trained generators,
and edges encode relationships between the assets themselves, or the generator
capabilities. An edge from i to j represents the flow of information. In our
setting, there exists an edge from ¢ to j if the generator trained on asset j is

evaluated on data 7, i.e. it is used to forecast asset i.

3. A meta-generator for each asset is created by introducing a mixture of probabil-
ity densities given by the out-neighbouring generators evaluated on the asset
under consideration. Since each of the generators encapsulates a probability
density of the forecast, the overall forecast probability distribution is given as a
linear combination of the probability distributions implied by the neighbouring

generators.
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Training per-asset and selectively sharing the knowledge based on generalisation
performance offers a compromise between pooling all data, and isolating individual
models. Furthermore, evaluating each generator on the neighbouring data allows
quantifying how well one asset’s model generalises to another.

Traditional ensemble learning methods, such as bagging, boosting [16, [32] B3]
80], and random forests [105], [95], combine outputs of pointwise models to improve
generalisation. Such approaches have shown to outperform individual models in
financial tasks [I30]. In these methods, outputs of multiple models are combined in
a linear manner. In contrast, we focus on the mixture of the generated probability
density distributions, akin to Gaussian Mixture Models [112], enabling richer strategies
based on uncertainty-aware statistics. The fact that the meta-generator is based on
a directed graph implies that such an approach is capable of capturing asymmetric
relationships.

To overcome the issues around homogeneity in universal models, hybrid approaches
where some features are shared, and some are stock-specific, have been developed.
For example, Fused Encoder Networks [I10] enable selective parameter sharing across
assets. [I3] train to maximise financial performance and group similar stocks together.
Other methods [78| 27] pre-train neural networks on assets that are highly correlated
or more volatile than the target asset, implicitly encoding domain similarity. Another
approach, a Two-Stage Multi-Task algorithm [77], is to first train on pooled data
without any regularisation, and then refine model parameters on individual securities,
by including an ¢s-penalty between the specialised parameter and the global parameter
initially learned. There also exist ensemble-based transfer learning frameworks, such
as TrEnOS-ELMK [144], which dynamically adjusts weights, but cannot handle
probabilistic outputs/generative approaches.

QuantNet [86] also leverages transfer learning for trading signal improvement,
trained to maximise financial performance. A special architecture is designed to handle
different markets, and encapsulate features present in all, while retaining market-
specific information. In their setup, each market has its own encoder-decoder pair, with
a shared transfer layer processing the latent representation across all markets. While
effective, this architecture is tightly coupled and does not accommodate probabilistic
forecasts. Our ensemble framework allows independent training, probabilistic outputs,
and interpretable, performance-driven combination weights.

Our method differs from all of the above, and from traditional transfer learning, in

the way that we evaluate generalisation capabilities of independently trained generators
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across assets to construct a graph encoding transfer learning potential, weights of
which are learned through an optimisation procedure based on financial performance.

Our approach shares a number of similarities to the methodology proposed in [141],
which decouples asset-specific models and cross-asset relationships, by considering
a linear combination of asset-specific forecasts, with the weights given by a kernel
estimated at latent representations for each asset. Although both our and the approach
of [I41] consider a linear combination of asset-specific models, they are estimated on
different data. In the setting of [I41], each model is evaluated on the data it is trained
on, in order to reach a point forecast for a particular asset. On the other hand, we
evaluate all asset-specific models on the data we wish to forecast, and learn the weights
in an optimisation approach. Although the latent space in [I41] would be analogous
to the learned weights by the generator, we do not consider them directly, and our
approach allows for bi-directional relationships. Similarly, a vector autoregression
(VAR) [131] would evaluate each of the generators only on the data it is trained on,
and would be more similar to [I41], than to our methodology. If we consider all
three approaches in a hierarchical manner, VAR and [I41] would obtain N first-order
pointwise forecasts for each of the stocks. On the other hand, our approach would
result in N? first-order distributional forecasts.

To learn the graph weights, we formulate a profit-maximisation problem, and
restate it as a LASSO regression [129], inducing sparsity. This results in interpretable
and computationally efficient weights. In instances where the universe of assets is
prohibitively large, sparsity may be induced prior to weight estimation by incorporating
domain knowledge (e.g., sector membership or supply chain information), in order
to avoid the O(N?) approach of evaluating all generators on all assets. While our
primary objective is not portfolio optimisation, the probabilistic outputs from our
meta-generators can be integrated with portfolio construction frameworks such as
mean-variance optimisation [98] or risk-aware strategies [146]. The sparse, directed
graph structure further supports the construction of uncorrelated signals across assets.

We implement our meta-generator methodology with FIN-GAN [136] as the
generative model. We train it on 193 of the S&P500 constituents, individually, i.e. we
train one Fin-GAN per asset. By evaluating each generator on every asset, we identify
which assets have higher transfer learning potential. Our findings suggest that some
stocks perform consistently well, despite the training data stemming from diverse
sectors and exhibiting low correlation. We evaluate our LASSO-based approach against
Ridge regression [71], PnL and Sharpe Ratio-induced graphs, while also comparing it

with the baseline scenarios in which each stock is evaluated solely on its own generator.
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Lastly, we benchmark the aforementioned approaches against the setup where the
weights of the meta-graph are implied by the correlation structure of the returns. Our
results demonstrate that the LASSO-based approach significantly outperforms these
benchmarks, efficiently leveraging cross-sectional information to enhance performance.
Additionally, we show that soft classification results in higher Sharpe Ratios, compared
to trading based solely on the direction, which fails to account for intensity, i.e. the
magnitude of the forecast.

In sum, this chapter contributes a scalable and interpretable method for cross-asset
generative ensemble learning, with applications in directional forecasting, distributional
prediction, and risk-aware decision-making. Our method departs from purely universal
or purely asset-specific modelling, and instead creates a new middle ground: one that

adapts to the structure of information transfer in financial markets.

Outline. We derive our methodology in Section[6.2] and demonstrate its performance
on FIN-GAN in Section [6.3] Section [6.4] studies the resulting graph.

6.2 Methodology

6.2.1 Multi-asset forecasting

Suppose we are interested in forecasting returns of N assets at a frequency At. Let
z! be the returns of the asset i between times ¢ and ¢t — At, and let a! be the market
information on asset 7 at time ¢, used as features to forecast the next value of the
returns time series, @, »,, the same notation as in Chapters 1 and 5.

Suppose we have a function g; (generative model) trained on the historical data of
asset 4, taking as input a! and i.i.d. (typically Gaussian) noise 2!, and outputting a
forecast of z}, 5,. That is,

giay, z) = Thini(2) (6.1)
is a sample from the estimated distribution of «}, », given a;.

If N is large, there might not be enough data samples to learn a single function g
taking inputs ai,...,ay, noise Z, and outputting forecasts for all assets. Our aim is
to scale up generative models built for forecasting returns (such as Fin-GAN [136]) to

a multi-asset setting, while circumventing this issue.
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6.2.2 Meta-generators

We are interested in efficiently leveraging cross-sectional information to derive more
robust performance. Given that we have N generators ¢1, ¢o,...,gn, With generator ¢
trained on data of the asset ¢, we can use the information that each generator will
have when evaluated on the data it is not necessarily traded on. Let w;; be the edge
from 7 to j, corresponding to relationship between the data ¢ and the generator j. An

illustration is provided in Figure [6.1

datas%

m
&
$

>
LY
g ©
— @

Figure 6.1: Meta-graph illustration. Each node 7 represents a generator g; trained on
data of asset 7. An edge from i to j encodes the effectiveness of the generator j at
forecasting data 1.

datal

There are two main ways in which ensemble learning can be performed on such a

graph to create a meta-generator for each asset.

1. An output for the meta-graph G; for asset ¢ at time ¢, and noise Z is given by a

linear combination of each g;(al, Z), with weights w; ;.

2. The probability density of the meta-graph G; for asset ¢ at time ¢ is given as a

mixture of densities of sign(w; ;)g;(ai, Z), with the mixture weights |w; .

Working with probability densities rather than the raw outputs offers a plethora
of benefits, due to the fact that the expectation under the probability distribution
intrinsic to the meta-generator is a superposition of the individual expectations.
Denote by P/ is the distribution intrinsic to the generator g; (reflected if w; ; < 0),

conditional on a! (for asset 7). Consider
X" (a) = sign(wi)g;(ay, Z),  Z ~N(0,1),
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so that P the probability distribution of X%/ (a!). That is,
X (ap) ~ P
Denote by P! the mixture of densities
N N
Py= Y wi [P, D fwiyl = 1. (6.2)
j=1 j=1
In fact, P! is the resulting probability distribution of the meta-generator G;(al, Z)

Gi(al, Z) ~ P (6.3)

Then, sampling from P is equivalent to sampling from P*/ with probability |w; ;|.
In other words, for fixed data i, first a generator j is selected with probability |w; ;|,
and then a sample sign(w; ;)g;(a;, Z) is obtained.

Opting for a mixture of densities rather than superimposing direct outputs with
fixed noise results in the linearisation of expectations. However, care needs to be taken
with respect to the sign, which is included in the weight in the case of anti-symmetric
functions.

Although we perform our analysis by opting for expected sign as the trade size, our
setting is compatible with any trade size which is given as a conditional expectation

of an anti-symmetric function. Denote by

si(a) = E [sign(g;(a, 2))] (6.4)

the trade given by the forecast of the generator ¢ given data a and noise Z, with
the usual choice Z ~ N (0,1). Now, for a ‘node’ i and weights {w;;} such that
Zj.vzl |w; ;| = 1, define the aggregated bet size by

hi(-) = sz‘,jsj('% (6.5)

which is the bet size of the meta-generator G; for asset ¢. Hence, only the trade sizes
obtained from the generators need to be considered, and not all possible generated

scenarios, thus optimising memory.
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6.2.3 Learning the weights

The adjacency matrix given by the weights could be learned via machine learning
techniques, such as Graph Neural Networks [119]. However, such an approach would
be computationally heavy, and lack interpretability. An alternative is to learn the

weights via a PnL-maximisation approach. We study two approaches
e regularised PnLL maximisation;
e casting the PnLL maximisation problem as a linear regression problem.

The first approach would lead to solutions with potentially undesirable properties,
where either most (or all) generators will be incorporated into the final vote for a
particular asset, or only one. However, the second approach, in the case of LASSO
regression, leads to an automatic neighbour selection based on transferability of
information and financial performance, and induces sparsity, while still allowing for

robustness stemming from multiple generators.

6.2.4 PnL maximisation

We are interested in optimising a global strategy. For simplicity, the initial investment
nominal is the same across all assets. That is, each portfolio weight corresponds to a
percentage of the same dollar value. Further contributions can be made by considering

a more complex portfolio optimisation. We aim to maximise

© S [l Xia] (65)

where (af, X/, ,) are the representations of the condition window and the return of

asset 1 as random variables (from time ¢ to ¢ + At).

Remark 11. Equation 15 equivalent to the expected return of the generated

strategqy for an asset i, with i sampled uniformly at random from {1,... N}.
Assuming ergodicity, we replace the expectation in with an average over a

long time period T, which is either the training or the validation set, or both combined:

N

N N
L 1 L
PnL(T, w) = W Z Z hi(ay) Ty ne = W Z Z Z wi;sj(ap)Tyne-  (6.7)

i=1 teT teT i=1 j=1
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As we average the PnLs across assets, and we do not require w; ; = w;;, we focus

on each asset individually. Without the factor the expression in Equation

1
NIT|
corresponds to the profit and loss of a trading strategy in which, at time ¢, the
notional amount |h;(a})| is invested in asset i. Over the time period T, the average
PnL obtained by trading asset ¢ using information from the generators {g;};=1,. ~

and weights w = {wi,j}i,je{L...,N} is

N
1 i\
T Zzwi,jsj(a’t)xt+At7 (6.8)

teT j=1

where |T| is the size of the time window T. Maximising the PnL for each asset i is

equivalent to the following optimisation problem

N
max w; i55(a;) T ay
e S wn s a)a

teT j=1
N
s.t. Z |wi,j| = 1,
j=1

where w; is the i—th row of the weight matrix {w;;}; jeq1,.. N1

(6.9)

To simplify notation, for each i € {1,..., N} and fixed T, define the cumulative

PnL over a period T as

Cij = Z s;(a;) Ty ar (6.10)

teT
The optimisation problem has a closed-form solution. Unfortunately, its solution
is not robust, since only a single generator is selected if there exists a generator

producing a non-zero average PnL, i.e. if there is a j € {1,..., N} such that ¢; ; # 0.

Proposition 3. Fizi € {1,..., N} and suppose that there exists j € {1,..., N} such
that c;; #0. Let J* ={j € {1,...,N}: |eij| > |ci| Vk € {1,...,N}} be the index

set of the generators with the strongest signals for asset i.
1. If |J*| =1, i.e. if there is a unique mazima of |c; ;,
J* = argmaz; |c; 4| ,
the solution to s given by

B {0, for j # j*,
wi,j =

) T (6.11)
sign (¢;;), forj=j*
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2. If |T*| > 1, then the set of solutions is the convex hull of the signed unit vectors

supported on the set of the strongest generators J*:

{%’ sign(cij) if j € J%,
wm =

0 otherwise,

with a; > 0, Z aj = 1.

JET*
Proof. For fixed i € {1,..., N} the problem is
N
7j=1
N
s.t. Z |wm-| = 1.
j=1

The problem ((6.12)) is convex and coordinate separable, so we can study contributions

(6.12)

from each coordinate j to the objective Zjvzl W; jCi j-

Firstly, notice that the contribution from coordinate j is non-negative when
sign(w; ;) = sign(c;;). If ¢;; and the weight w;; are of the opposite sign, then
w; ;¢ ; < 0, s0 25:1 w; y ¢4 < Zk# w; kC; - Hence, the maximum value of is
achieved for sign(w; ;) = sign(c¢; ;). If ¢;; = 0, then w; j¢; ; = 0, and E,ivzl Wy kCi g =
Zk# w; ;Ci - Let k be such that ¢;; # 0. Then, as w; yc; x > 0,

N
sign(cip)lwigleis Y wicis > Y wiciy.
1] =1

Hence, since ) ;,_, |w;| = 1, when ¢; ; = 0 it is optimal to set w; ; = 0.

We can now assume that sign(w; ;) = sign(c; ;), and introduce a new variable
u; = w; jsign(c; ;) = w; jsign(w; ;) = |w; ;| > 0.
Since sign(w; ;) = sign(c; ;), and sign(c;)* = 1 when ¢; # 0,
w;; = u;sign(c; ;)

As sign(0) = 0, and w; ; = 0 when ¢; ; = 0, the above equalities also hold for ¢; ; = 0.
We now re-write (6.12)) in terms of w;:

N
max } usleigl,
j=1

N
s.t. ZUJ' = 17
j=1

and Vj € {1,...,N} wu; >0.

(6.13)
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Suppose that |J*| = 1 and let j* = argmax;|c;;|. Then, |¢; ;<] > |c;;| for all j, and

> u,lc; j|. Hence, since Zjvzl uj =1,
=Y uileigel =) uglen)-
J J

Therefore, the optimal solution is given by u; = 0 for j # j*, and u;- = 1. This

since u; > 0, then u;|c; j«

|Ci g

directly translates to

{0, for j # j°,
wm- =

sign (Y er 5+ (af)2hyae) »  for j = j*.
However, when |J*| > 0, let @ € RY such that
a;=0 Vi¢J",
Oéj Z 0 V] < j*,
and

N
Z a; = 1.
j=1

Then, for any w;. € RY,

N N
Vie T sign(eis)e; = Y (cusign(cir))eir > > wikci,
k=1 k=1

Hence, although (6.12)) does not have a unique solution, the values of w;. € RY which
= 1 are given by

- N : N
maximise Y ;~, w; c;; subject to Y07, |w;

0, for j & J*, .
w; ;= ' , a; >0 VYje T, a;=1. (6.14
/ {OszIgIl (¢ij), forjeJr, ! ];7:* ! ( )

O

The solution to does not offer any diversification and may result in overfitting.
Hence we consider other possible formulations.

We now show that the unconstrained relaxation of problem using the ¢,
penalty has the same solution as the original problem when there exists a dominant
generator. However, it still remains non-robust due to the absence of diversification.

To transform the problem into an unconstrained formulation, introduce auxiliary

variables \; ; € R, and define
Wij = SN v 1
2 k=1 Al
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Clearly, the vector A; is only identifiable up to a positive scalar multiple. Substituting
this into the original objective, the cumulative PnL. becomes

N
Cij = Wi, 585\ Ay )Ty At =

j=1 Zk 1 ‘)‘z k|
Thus, the constrained problem becomes:

E :>‘ 353 at>xt+At

Zz)‘wsy at xt—i—At (6.15)

)‘ERN Zk 1‘>‘zk’ teT j=1

This objective is homogeneous of degree zero, non-convex, and non-differentiable due
to the ¢1-norm in the denominator. To render the problem tractable, we consider the

regularised objective

fle%gfv _Zz)‘wsy (at)Thae — 772 | Akl (6.16)

teT j=1

where n > 0 is a regularisation parameter that penalises the ¢;-norm of \;. Despite

being unconstrained, the problem remains non-smooth but is coordinate-separable.

Lemma 1 (Signal thresholding). The optimisation problem (6.16)) admits only sparse

solutions.
1. If |eij| <m, then X\ j = 0 in all optimal solutions.

2. If there exists j € 1,..., N such that |c; ;| > 1, then supy, f(X;) = +o0, i.e., the
objective in (6.16]) is unbounded above.

3. Otherwise, if |¢; ;| <n for all j, the unique optimal solution is X\; = 0, and the

supremum 1S zero.

Proof. The objective function can be written as
max f(Ai) = Ale—nlIl]s-

It is coordinate-separable, so we consider each coordinate independently. Hence, we
consider

H)\laX(Cngn()\i,j) — )| Al

i
Define g;(\;;) = ¢ijAi; — n|Aij|. This function is unbounded above if and only if
lcij| > n, in which case g;(\;i;) = 400 as \;; > oo if ¢;; > 0 and as \;; = —oo if
¢ij < 0. If |¢; ;| < m, then g;(\;;) <0 for all ), ;, and the maximum is achieved at

Aij = 0. The result follows by combining the coordinate-wise arguments. O]
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Lemma 2 (Uniqueness of the normalised solution). The relaxed problem (6.16)) has
a unique solution for the normalised weights w; ; if and only if there exists a unique
index j* € 1,..., N such that |c; j«

> 7).

Proof. From Lemma |1} only coordinates j with |¢; j| > 1 can have non-zero J; ; in
an optimal solution. If multiple such indices exist, say j € J with |J| > 1, then the
optimal A; lies in an unbounded cone supported on J. Hence, there are infinitely many
optimal solutions for A; differing by direction and scale. However, the normalised
vector w; depends only on the relative magnitudes and signs of the non-zero A; ;.
Therefore, unless a unique coordinate j dominates (i.e., |¢; ;| > n and |¢; x| < 7 for
all k& # j), the resulting w; is not uniquely defined. If such a unique j* exists, then

Aij+ — 00 - sign(c; ), all other coordinates vanish, and

0, for j # j*,
Wy 5 = . . .
’] sign (¢; ;) , for j = j*,

which is unique. O

Note that in the case of non-unique solutions to and , the sets of
maximisers are not the same. Without the ¢;-relaxation, only the generators j with
|cij| > |cix| for all k € {1,..., N} are considered. However, in the case of (6.1€]), all
J with |¢; ;| > n are included.

The only way that the relaxed problem (|6.16]) can have a unique solution is if the
threshold n lies strictly between the strongest and second strongest signal provided
by the generators, and if there is a unique generator j with the highest |¢; ;|. In this
instance, the unique solution coincides with that of the unconstrained problem ([6.15]).

However, we can relax the problem further by replacing the regularisation

term with an fy-penalty. This results in an the alternative formulation, given by

N N
Jmax DD dgsila)riia—n Y (M) (6.17)
‘ teT j=1 Jj=1

The solution to ((6.17)) is unique and intuitive: the optimal weight w; ; is proportional
to the PnL that the generator g; achieves on the data of asset ¢. However, this
formulation has non-zero weights for all generators, making the solution dense rather

than sparse.
Proposition 4. The weights that mazximise (6.17)) are given by

. D it S (ap)zi, a

‘,' - N . . .
" > k=1 ’Zte’]l’ Sk(ai)xé+At|
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Proof. The objective in (|6.17)) is strictly concave and differentiable. Taking the

derivative with respect to A; ; and setting it to zero gives:

(Z Z Xijsi(ay) xt—I—At 772 X ) Z Sj(ai)x;rm —2nAi; = 0.
tJ teT j=1

teT

Solving for A; ; leads to
/\i,j = o Z Sj(ai)%rm-
et
To convert this to normalised weights, we compute:
x AL D et Si(at)Thia

R S |A 0 e szt
k=1 k=1 teT 2k\Wt )L At

6.2.5 Regression

Instead of maximising the PnL in (6.16)), one can minimise the distance to the highest
possible PnL, i.e., aim to match the sign of the return (directionality). Such an

approach results in an objective of the form

N 2
)\1;%%}\, ﬁ ; <|$i+m| - ; AijS; (ai)erAt) : (6.19)

However, since the same data a} is used to evaluate all generators j, OLS regres-
sion in (|6.19)) might not be stable due to potential singularity of the Gram matrix.
Furthermore, we wish to induce sparsity, in order to reduce the computational cost
and prevent overfitting.

We regularise by including an ¢; penalty to induce sparsity, resulting in a LASSO
regression [129] 65] of the form

2 N
Al e 2’T| Z ('xHAtl Z)‘US] a $t+At> +77; | Aig]- (6.20)

The resulting weights are then normalised as

by

,J

Wi = — 22—
S Nl

Such normalisation merely rescales the optimal strategy derived from (6.20)). Python

libraries such as scikit-learn can be employed to solve (6.20). Moreover, due
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to the ¢;-norm penalty, this formulation naturally performs automatic ‘neighbour’
selection. LASSO regression induces sparsity, which reduces computational intensity
at inference time. Since fewer generators are selected, variance of the meta-generator
PnL is typically reduced, potentially improving portfolio performance. However, if a
particular generator is over-used, the variance of final outputs across assets might still
be high.

To enhance computational efficiency, most weights w; ; can be manually set to zero
using domain knowledge. Other constraints can be straightforwardly incorporated by
modifying .

Although LASSO regression ([6.20)) offers the most desirable properties under all
formulations considered so far, as another benchmark we also consider an /5-regularised
version of (6.19), i.e. Ridge regression [71]. Such formulation leads to

N 2 N
1 i N
Hilnm E : <|xt+At| - E )\i7j8j(at)xt+At> +n § (Nige)* (6.21)
! teT j=1 k=1

Unlike LASSO (6.20)), Ridge regression admits a closed-form solution. How-
ever, it does not yield sparse weights, potentially resulting in highly correlated PnLs
across different assets, since all generators are used for all assets. At inference time,
Ridge regression requires evaluation of all generators on all assets.

In both LASSO and Ridge settings, additional constraints may be imposed to
reflect interactions between rows of the weight matrix w, effectively enabling joint
portfolio optimisation.

Overall, the LASSO formulation offers the greatest flexibility: sparsity leads
to better memory and compute efficiency, faster inference, and reduced correlation,
while maintaining a diversified signal aggregation strategy. The algorithm used to

develop meta-generators via LASSO regression is summarised in Algorithm [3]

1
Remark 12. The factor 3 1 1ncluded to conform to the convention used in the

scikit-learn package.
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Algorithm 3 Meta-generator construction and weight learning
Input:

e Market data {al, $i+At}t€T for each asset i € {1,...,N};
e Training/validation split T = Ty U Ty;
e Number of samples B for expected sign estimation;

e Regularisation parameter 7.

Output: Meta-graph edge weights {w; ;}; je(1,..., N}
Step 1: Train individual generators.
for each asset ¢ do
Train generator g; on {(ai,wiJrAt)}teTt
end for
Step 2: Cross-evaluate generators on validation data.
for each asset ¢ do
for each generator g; (as allowed) do
Sample B i.i.d. noise terms {Z}F}Z_, from N(0,1)
Compute expected sign estimate:

B
; 1
sj(ag) = B Z [1g_7(a;,ztk)>o - lg_,-(ag,zf)<o]
k=1

end for
end for

Step 3: Assign weights and define distributions.
Assign weight w; ; to each asset-generator pair
Define Pi‘j as the distribution of sign(w; ;)g;(al, Z)

Step 4: Construct meta-generator.

Define mixture distribution:

N ..
Pi= wi Py’
i=1

To sample: choose j with probability |w;, ;|, then evaluate sign(w; ;)g;(al, Z)
Step 5: Learn weights via LASSO regression.
For each i, solve:

1 ) N o : N
min —o— Do ehead =D Nigsi(aDzioas | +nd 1Ayl
X2 UltETu j=1 j=1

Step 6: Normalise the weights.
>\1,]

Sl gl

Return: {w; ;}; jeq1,.. N}

Set wj j =

6.3 Extending FIN-GAN to a multi-asset setting

We apply our methodology to FIN-GAN [136], developed in Chapter [f] We train
each FIN-GAN generator current S& P500 members for which we have data available
from the start of 2000, which is 193 of them. The data and the set-up is the same as
in Chapter [5l The sector ETFs tickers and the corresponding stock tickers are listed
in Table[6.1] We compute the expected sign given 100 samples.
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Sector Ticker | Stock tickers

Consumer Discretionary | XLY AMZN, AZO, BBY, BWA, DHI, DRI, HAS, HD, LOW, MAR, MCD, MHK, NWL,
NKE, PHM, PVH, RL, RCL, TJX, VFC, WHR, YUM

Consumer Staples XLP ADM, MO, CPB, CHD, CLX, KO, CL, EL, GIS, HSY, HRL, K, KMB, KR, PEP,
PG, SYY, TSN, WMT

Energy XLE APA, DVN, EOG, XOM, HAL, MRO, OXY, OKE, PXD, SLB, VLO, WMB

Financial XLF AFL, AIG, ALL, AXP, BAC, BLK, BK, BRO, COF, CMA, RE, FDS, BEN, AJG,
GS, HIG, LNC, MMC, PNC, PGR, RJF, STT, SIVB, WFC, ZION

Health Care XLV ABT, A, AMGN, BAX, BDX, TECH, BSX, BMY, CI, COO, CVS, DHR, HUM,
INCY, JNJ, LH, LLY, MCK, MDT, MRK, MTD, PKI, PFE, RMD, STE, SYK,
TFX, TMO, UNH, UHS, WAT, WST

Industrials XLI MMM, ALK, AME, BA, CAT, CSX, DE, DOV, ETN, EMR, EFX, FDX, GE, GD,
GWW, HON, IEX, ITW, LMT, MAS, NDSN, NSC, NOC, PCAR, PH, PWR,
RSG, RHI, ROK, ROL, ROP, SNA, LUV, SWK, TDY, TXT, UNP, UPS, URI,
WAB

Technology XLK AKAM, AMD, APH, ADI, AMAT, ADSK, GLW, IBM, MU, TER, TYL, WDC

Materials XLB APD, ALB, AVY, EMN, ECL, FMC, IP, NEM, NUE, PPG, SEE, SHW, VMC

Utilities XLU AES, AEE, AEP, ATO, CMS, ED, D, DTE, DUK, EIX, ETR, FE, PNW, PPL,
PEG, SRE, SO, WEC

Table 6.1: ETF tickers and their corresponding stock tickers

We investigate the approaches discussed in Section [6.2.4] as well as some additional

benchmarks.

Identity: corresponds to the adjacency matrix being the identity, i.e. there is

no information sharing between different generatos.

Correlation-based: the adjacency matrix is implied by the correlation matrix
of the asset returns, calculated over the training and the validation set. Since
each row is normalised such that the absolute values sum to one, the resulting

adjacency matrix is not the correlation itself.

SR-based: each weight w; ; is proportional to the Sharpe Ratio achieved by

generator j on data i over the validation set.

PnL-thr: the weights w; ; are proportional to the PnL achieved by generator j
on data ¢ over the validation set, for strong enough PnLs. That is, the weight

w; ; is non-zero if the absolute cumulative PnL is above a certain threshold 7.

PnL-max: the weights are given by the solution of Proposition [3| That is, this
represents the linear case (maximising PnL), with the ¢;-penalty (6.16)), in the
unique solution case. For each data set (asset), only the generator with the

strongest signal is used.

PnL-based: weights given by Proposition [4] i.e. the weights maximising the
PnL with the ¢>-penalty (6.17]) are proportional to the PnLs achieved on the

validation set.
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e LASSO: weights given by LASSO regression (|6.20)).
e Ridge: weights given by Ridge regression (6.21]).

For all of the methods requiring hyperparameter tuning, i.e. PnL-thr, LASSO,
and Ridge, we performed a small hyperparameter search and chose the value which
achieved the highest overall Sharpe Ratio on the validation set, which in this instance
would correspond to an in-sample fit.

In the PnL-thr case, the thresholding parameters under consideration were 7 €
{0.001, 0.002, 0.005, 0.01, 0.02, 0.05, 0.1, 0.2, 0.5}. For the value of n = 0.5, there
were nodes ¢ for which all w;; were set to zero. The thresholding parameter 7 for
which the best performance over the validation set was achieved (in terms of Sharpe
Ratio) was n = 0.2, which is the value we used. High penalty values would also
induce too much sparsity in the LASSO case, so the search gird we opted for was
n € {0.001,0.0001, 0.00001, 0.000001}. The selected value was 0.000001. Similarly,
the grid search for Ridge regression was n € {0.001,0.0001, 0.00001, 0.000001}, with
the optimal hyperparameter choice being once again 0.000001. We first compare
financial performance of the methods under consideration, and then we study the
best-performing resulting graph, which is based on LASSO regression . In the
LASSO instance, if all weights are set to zero by the algorithm, then we set w;; =1

for the asset ¢ in question. However, with n = 0.000001, this never occured.

Remark 13. It is possible to consider Markowitz-inspired weights [98] instead of the
PnL-based methodology, corresponding to the {y-reqularisation. Instead of n Zévzl(ki,k)Q
in (6.17), one could consider n\I'S;\?, where ¥; is the covariance matriz of the
corresponding PnLs produced by different generators for the same asset i. However,
since the generators are evaluated on the same data, the correlation between their

outputs was high, resulting in singular ;.

6.3.1 Performance analysis

Before comparing the performance over the test set, we first check whether the
relationship between the performance of the generators on each of the data sets aligns
with the correlation between the returns of the assets corresponding to the generator
and to the data under consideration. Figure shows that the correlation matrix of
returns (over the training and validation set) indicates strong correlation between the
ETF-excess returns of tickers corresponding to the same industry sector. However,

the same is not true for the Sharpe Ratio performance in Figure on the validation
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set, where each row corresponds to forecasting data, and each column to a generator
trained on specific data. Interestingly, the Sharpe Ratio matrix is not diagonal and
there is clear indication that some tickers are easier to forecast than others, or have
higher transfer learning potential. In the universality setting discussed in Chapter [5]
we have shown that pooling data from the same sector results in good performance on
unseen data from that particular sector. However, in this setting, we are observing
transfer learning potential. In fact, 126 out of 193 tickers have positive Sharpe Ratios
(validation set) on at least 50% of the generators, showing a promising starting point

for a meta-generator.

Correlation between returns (train and val data)

1.0

-0.6

-0.4

-0.2

-0.0

Figure 6.2: Pearson correlation coefficient between the ETF-excess returns over the
training and validation set. Unsurprisingly, we observe clusters corresponding to
industry sectors. The tickers are sorted alphabetically first by sector, and then by the
ticker.

The most prominent transfer learning case is TDY, for which the median Sharpe
Ratio achieved is 1.29. Training a generator on 147 out of 193 data sets results in
good performance on TDY data (XLI sector). Despite the highest median Sharpe
Ratio being achieved on TDY data, the highest number of well-performing generators
is RMD (XLV), where 163 different generators result in positive PnLs. The median
SR in this case is 0.84. TMO (XLV) and SHW (XLB) also have a higher number of
positive generators compared to TDY (149 and 153, respectively).

On the other hand, there are tickers for which most of the generators result in
negative performance. The lowest number of positive Sharpe Ratios is achieved for
CHD (XLP), where only 41 of the Sharpe Ratios are positive (and 152 are negative),
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with the median SR being —0.74. It also has the lowest median Sharpe Ratio out of
all tickers.

We also note that evaluating on data from the Utilities Sector (XLU) usually
results in strong signals. On the other hand, there are certain generators for which
mainly negative Sharpe Ratios occur. The worst overall generator in terms of number
of negative Sharpe Ratios is ALB (XLB), where 131 tickers have negative performance,
and where the median SR is —0.3. The strongest generator is the one trained on AEP
(XLU), with 136 positive SRs, and the median of 0.32.

Annualised Sharpe Ratio (validation set)

Data to forecast
(pasijenuue) opey adieys

e,

XL

ALy ALP XLE X¥LF v XL XLK XLB

Generator to use

Figure 6.3: Annualised Sharpe Ratio over the validation set. Each row represents the
data to forecast, and each column represents a generator trained on a specific data set.

By considering the meta-matrix of the Sharpe Ratio (on the validation set) matrix
from Figure|6.3, we confirm in Figure|6.4|that the highest Share Ratios are achieved on
data from the XLU sector, both in terms of average values (Figure and average
absolute values (Figure . We observe that the highest average Sharpe Ratios are
produced by generators trained on XLP sector data (Consumer Staples), evaluated
on the XLU constituents (Utilities). The most difficult sector to forecast over the
validation set was XLK (Technology).
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Meta-matrix of average Sharpe Ratios (validation) Meta-matrix of average absolute Sharpe Ratios (validation)
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Figure 6.4: Sharpe Ratio (validation set) meta-matrix for average and average absolute
values.

The correlation matrix and the Sharpe Ratio matrix displayed in Figures and
respectively, are used to construct the weights w; ; in the Correlation-based and
SR-based approaches. We compare the Sharpe Ratio performance achieved by different
methods on the test set in Table and note that the best portfolio performance by
far is achieved by LASSO . There is a significant improvement in performance
when a meta-generator is constructed, and information is shared, compared to the
baseline case where each data is forecast via its own generator only (the Identity
method). Ridge regression leads to significantly worse portfolio performance
compared to LASSO, due to the lack of sparsity. The SR-based, PnL-thr, and PnL-max
approaches result in similar overall performance, whereas PnL-based has a slightly
lower annualised Sharpe Ratio. Opting for the weights constructed from the correlation
matrix of the data leads to the second-highest portfolio Sharpe Ratio, which is still
significantly below the one achieved by LASSO.

In Figure [6.5 we investigate the similarities and differences between the LASSO
and baseline performance. There is an improvement for 116 out of 193 tickers, and the
average difference between the LASSO performance and Identity in terms of Sharpe
Ratio is 0.16, as indicated in Table 6.2l There are 33 stocks for which the baseline
SR was positive (test set), but opting for the LASSO-based graph method resulted in
negative performance. Furthermore, in 16 instances negative performance was further
amplified. The most improved sectors are XLU, where 89% have a better Sharpe
Ratio, and XLI, where 70 % of tickers have increased performance. On the other
hand, 58% of XLK tickers have worse perfromance than they did, and 52% for XLF.
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However, on XLF, the performance change was more significant since forecasting more
of the tickers resulted either in more extremely negative Sharpe Ratios, or in ruining

positive performance. Some of the best performers for the baseline, Identity, such as

NCS, AVB, PVH, and ALH, had negative performance for LASSO.

Type Portfolio SR | Mean SR | SR Std | Num.Pos. SR
Identity 2.00 0.16 0.74 104
Correlation-based 2.27 0.41 0.75 139
SR-based 2.22 0.45 0.79 142
PnL-thr 2.32 0.45 0.85 143
PnL-max 2.30 0.31 0.86 125
PnL-based 1.93 0.49 0.77 136
LASSO 4.39 0.32 0.72 125
Ridge 1.51 0.18 0.70 121

Table 6.2: Comparison of annualised Sharpe Ratios on the test set. The mean and
standard deviation reflect the distribution of individual Sharpe Ratios computed for
each of the 193 assets analysed. The final column shows the number of positive Sharpe
Ratios across the tickers.

The method achieving the highest average Sharpe Ratio across all tickers are
based on PnL-metrics, and not LASSO. This is due to the fact that LASSO results in
lower PnL correlation compared to SR-based, as indicated in Table [6.3. The highest
correlations are observed in the PnlL-based instance. Furthermore, sparsity in LASSO
reduces the significance of a particular generator, whereas in PnL-based methodology,
certain generators can hold significant weight (as demonstrated in Figure, resulting

in related outputs.

Sharpe Ratio comparison: Identity vs LASSO
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Figure 6.5: LASSO Sharpe Ratio vs Identity Sharpe Ratio. Comparison on the test

set.
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Method Mean | Mean Abs | Std Min | Max
Identity 0.001 0.068 0.090 | -0.541 | 0.543
Correlation-based | 0.015 0.058 0.075 | -0.363 | 0.512
SR-based 0.011 0.068 0.090 | -0.487 | 0.687
PnL-thr 0.010 0.062 0.084 | -0.488 | 0.686
PnL-max 0.003 0.058 0.074 | -0.403 | 0.432
PnL-based 0.012 0.074 0.096 | -0.507 | 0.688
LASSO 0.0003 0.063 0.085 | -0.502 | 0.612
Ridge 0.003 0.095 0.129 | -0.603 | 0.663

Table 6.3: PnL correlation statistics for each method. Correlation between PnLs of
asset ¢ and j are calculated only once, for ¢ # j. The smallest values are in blue and
the highest are in red.

The Sharpe Ratio distributions for Identity, Correlation-based, SR-based, PnL-macz,
and LASSO methods are displayed in Figure [6.6] All methods significantly shift the
initial (I/dentity) Sharpe Ratio distribution towards positive values. Only PnL-thr,
PnL-based and SR-based approaches are able to achieve an annualised Sharpe Ratio
above 3, all on PEP.

Sharpe Ratio distribution

— Identity
SR-based
— PnL-max
— LASSO

4 1
Sharpe Ratio (annualised)

Figure 6.6: Distribution of the annualised Sharpe Ratio over the validation set, across
193 tickers.

In Figure we investigate which five tickers result in the highest Sharpe Ratios
by each method considered. We observe that different tickers result in the best
performance across methods, but that there are data sets on which all methods
perform well. Tickers such as PEP (6), PNC (5), HON (4), ITW (4), CL (3), DOV
(2) and TMO (2) are common choices for top 5, indicating that performance on them
remains similar across different graph constructions.

Similarly, we investigate which tickers result in the worst performance in Figure
6.7bl The worst tickers for the Identity method are not in the bottom 5 tickers for

153



Top 5 tickers by Sharpe Ratio Bottom 5 tickers by Sharpe Ratio

w
N
@

w
2
S

N
o
3
Annualised Sharpe Ratio

R ADI AMZN | AFL

: "’ ......

. ‘ > S & S Y ©
& & B & & ) &
& < & & £ & ¥ S
: o N
&

Method Method

N

3

bl
&
-

x
5"
4

N
N
&

I &
© o
Annualised Sharpe Ratio

N
S
3

"
S
bl

N
°
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Ratio, for each method. Strategies for PEP Ratio, for each method. AFL, ADM, ALB,
and HON are usually performing in the top ABT, and BLK appear to be particularly
5. hard to forecast.

Figure 6.7: Top and Bottom 5 tickers by Sharpe Ratio across methods.

other methods, apart from ADM. Interestingly enough, ALB is the fifth best for
Identity, but it is in the worst five in the PnL-thr, PnL-based, and SR-based instances.
Tickers which are usually labelled as the most difficult to forecast are AFL (4), ADM
(3), UNH (3), DVN (3), and ALB (3).

From Figures and we note that there are instances where certain
tickers are easy to forecast by some graph-based methods, but difficult by others. In
Figure [6.8 we investigate the similarity between the outputs of different methods
by considering the Pearson correlation between portfolio PnLs produced by different
methods. Unsurprisingly, since they are based on similar metrics, Figure shows
that the SR-based, PnL-based and PnL-thr graphs produce PnLs which are almost
perfectly correlated. There is a cluster of high correlation between methods based on
creating a graph driven by financial performance on the validation set. All methods
have very low correlation with the baseline setting in which the graph adjacency
matrix is the identity. Importantly, Lasso and Ridge regression lead to very different
PnLs, whose correlation is around 20%. Ridge regression results in low correlation
with all other methods, whereas LASSO produces portfolios correlated around 30%
with those produced by graphs based on financial performance.

We show the overall cumulative PnL for different methods in Figure [6.9. As a
reminder, this would be the profit and loss of a trading strategy in which h;(a}) in
USD is invested in stock i at time ¢, and the opposite trade in the corresponding
ETF (same monetary amount) for hedging purposes. Figure shows that all
methods other than LASSO and Ridge mainly forecast that the individual stocks will
outperform their corresponding sector ETF. Not only that, but the overall absolute
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Correlation between portfolio PnlLs
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SR-based
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PnL-based

LASSO

Ridge -

Figure 6.8: Pearson correlation between portfolio PnLs achieved by different methods
(test set), rounded to two decimal places. A more precise estimate of the Pearson
correlation between SR-based and PnL-max PnLs is 0.9986.

exposure (sum of absolute bet sizes) is significantly lower for the regression-based
methods. However, the cumulative absolute bet size for LASSO is very similar to that
implied by the return correlation matrix. For a better comparison, Figure [6.10 shows
the cumulative PnL for every strategy, rescaled by the overall exposure to the bet
size. Up until mid 2020, SR-based, PnL-thr, PnL-based, and LASSO methods attain
very similar performance. From October 2020, the LASSO-implied strategy starts to
perform significantly better than the other benchmarks.

Figures and illustrate the similarity of the methods based on financial
performance over the validation set, as evidenced by their correlation (Figure .
PnL-thr and PnL-max in absolute terms result in very similar cumulative PnlL,
but since PnL-maz offers no diversification and opts for the strongest signals, its
bet exposure is the highest (Figure . The SR-based and PnL-based methods,
unsurprisingly, produce cumulative PnLs which appear to be parallel to each other

most of the time.
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Figure 6.9: Cumulative (portfolio) PnL for each method as a function of time.

Cumulative PnL divided by the total absolute bet size
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Figure 6.10: Cumulative (portfolio) PnL for each method as a function of time, rescaled
by the total absolute bet size over the entire test set.
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(a) Cumulative (portfolio) bet size for each (b) Cumulative (portfolio) absolute bet size
method as a function of time. for each method as a function of time.

Figure 6.11: Cumulative and absolute cumulative bet sizes across methods over time.

6.3.2 Robustness with respect to the LASSO regularisation
parameter

We investigate the extend to which the LASSO performance changes if the regulari-
sation parameter is changed from 7 = 0.000001 to n = 0.000002 (twice bigger) and
n = 0.0000005 (twice smaller). From Table [6.4] we note that the performance increases
slightly for n = 0.000002, and decreases for n = 0.0000005. Nevertheless, all statistics
are on the same scale, and close to each other, indicating that updating the value

from n = 0.000001 does not have a significant impact on the results.

Regularisation parameter ‘ Portfolio SR ‘ Mean SR ‘ SR Std ‘ Non-zero weights

n=10"° 4.39 0.32 0.72 6768
n=2-10"° 4.57 0.35 0.76 3959
n=>5-10"7 4.08 0.28 0.72 10713

Table 6.4: Comparison of annualised Sharpe Ratios on the test set, as well as the
number of non-zero weights w;;. The mean and standard deviation reflect the
distribution of individual Sharpe Ratios computed for each of the 193 assets analysed.

We analysed the overall performance comparison in Table [6.4. To understand
how much the results change at the individual ticker level, we plot the Sharpe Ratio
achieved by n = 1075 vs the alternative values in Figure . We note that in both
cases the points scatter around the y = = line. However, 106 out of 193 points for
n = 2-107% lie above y = x, showing better performance for this particular choice
compared to the original one. As discussed previously, opting for a smaller value
(n =5-1077), reduces the performance. In this instance, the majority of the points

(107) are below the line y = . In fact, in order to choose 7, we compared in-sample
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performance between different choices of 7, since the fit was obtained on the whole
validation set. Separating the validation set into two parts, with the first 80% used
for regression fitting, and the other 20% for comparison would have still resulted in
selection of n = 0.000001. However, as we have seen, our methodology does not heavily

depend on this hyperparameter.

Sharpe Ratios for different values of n

. n=2.10*6 °
n=5-10"7
2 XY

Sharpe Ratio for alternative n

-2 -1 0 1 2
Sharpe Ratio for n=10"°

Figure 6.12: Comparing the annualised Sharpe Ratio for each ticker achieved by
n = 107% and alternative values. The black dashed line is y = .

6.3.3 The role of uncertainty estimates

To showcase the importance of soft classification in our approach, we compare the

financial performance with trade sizes given by three different cases:

1. by considering the direction of the overall vote, with the expected signs still

taken from the individual generators;

2. by the linear combination of the direction of the trades implied by individual

generators;
3. by the direction of the linear combination of directions of individual trades.

In all settings, we still retain the same weights used so far. The financial performance
on the test set is given in columns I in Table for the first case (i.e., considering the
sign of the overall bet), column II for the second instance (i.e., considering the linear

combination of trade directions), and for the third instance the results are shown

158



in column IIT (where hard classification is performed both on the individual and on
the global level). We compare these results with those in which soft classification
is performed (Table , and observe a significant drop in performance in Identity,
and LASSO implied weights. However, performance remains relatively similar for the
graphs constructed via measures of financial performance. The only instance in which
Ridge regression has visible improvement is when hard classification is performed after

the trade size has been aggregated across the generators.

Statistics Portfolio SR Mean SR SR Std

Type 0 1 11 11T 0 I 11 111 0 I 11 111
Identity 2.00 1.37 1.73 1.37 0.16 0.12 0.12 0.12 0.74 0.75 0.77  0.75
Correlation-based 2.27 2.06 2.28 1.63 0.41 0.35 0.40 0.28 0.75 0.72 0.82 0.75
SR-based 2.22 2.29 2.35 2.50 | 0.45 0.35 0.45 0.37 0.79 0.72 0.69 0.72
PnL-thr 2.32 2.40 2.46 2.40 0.45 0.38 0.45 0.38 0.85 0.78 0.85 0.78
PnL-max 2.30 2.17 217 217 0.31 0.28 0.28 0.28 0.86 0.83 0.83 0.83
PnL-based 1.93 1.88 2.05 2.03 | 0.49 0.30 0.41 0.31 0.77 0.67 0.77 0.67
LASSO 4.39 3.62 3.45 2.32 0.32 0.32 0.22 0.21 0.72 0.72 0.67 0.68
Ridge 1.51 2.55 1.18 1.01 0.18 0.21 0.09 0.08 | 0.70 0.71 0.68 0.67

Table 6.5: Sharpe ratio comparison (test set) for various methods. Three statistics
are shown: Portfolio SR, Mean SR, and SR Std, across three types of classification: I
- sign of the linear combination of expected sign, II - linear combination of the sign of
the expected direction, and III - sign of the linear combination of signs of expected
directions. The value 0 is the baseline for soft classification, results for which are
displayed in Table . The best results for every column are in bold.

We show the cumulative PnL of the portfolio corresponding to the results of column
I in Table [6.5]in Figure [6.13] This corresponds to only considering directionality of
the overall vote, and discarding its intensity. As discussed previously, we observed a
decrease in performance, compared to the initial approach in Figure[6.9 Our analysis
indicates that the uncertainty estimates actually reduce the variance in daily PnL.
The impact of uncertainty estimates is most prominent in the LASSO setup.

Figure [6.14] considers the relationship between the bet size and performance. We
observe that the highest absolute bet size is obtained for tickers belonging to the XLU
sector, indicating higher forecast certainty. Furthermore, in the vast majority of the
cases where the total absolute bet size is larger than the bulk (above 200), positive

Sharpe Ratios are achieved.
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Cumulative PnL given by the direction of the aggregated vote
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Figure 6.13: Cumulative PnL in the case when only the direction of the overall vote is
accounted for.
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Figure 6.14: Total absolute bet size vs annualised Sharpe Ratio.

6.4 Graph analysis

We examine the graph implied by LASSO regression . There are only 31 self-
loops, out of 193, i.e., for only 31 data sets the generator trained on that particular
data is used. The average weight of the self-loop is 0.013, with the smallest being
—0.105 (K) and the largest 0.225 (DTE). Out of the 31 self-loops, 18 are positive and
13 are negative. Overall, there are 3438 positive edges and 3330 negative edges, a
total of 18.17% of weights are non-zero. The average positive weight is 0.030, and
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the average negative weight is -0.027. The smallest weight is —0.88, and it is an edge
from ATO to JNJ. The highest weight is 1, since there are two instances in which
only one generator is used per ticker, AEP (PPG generator used) and CMS (CPB
generator used).

Figure shows the number of generators used to forecast each ticker (out nodes).
The average number of genertors used is 35.06, and the median is 33. Usually, the
Sharpe Ratio decreases as the number of generators selected increases, as implied by
the scatter plot displayed in Figure|6.15, This could be both due to the difficulty of
forecasting a particular stock, and the regularisation parameter not being high enough

for certain stocks.

Sharpe Ratios by ticker vs generator count
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Figure 6.15: Number of generators used to forecast each ticker vs the annualised
Sharpe Ratio on the test set.

Similarly, in Figure [6.17] we analyse the number of tickers utilising each generator
(in-degree nodes). The median number of tickers utilising a particular generator is
28. There are tickers whose generators are never used: ‘CHD’ (XLP), ‘GIS” (XLP),
‘WMT” (XLP), ‘XOM’ (XLP), ‘HAL’ (XLE), ‘PXD’ (XLE), ‘A’ (XLE), ‘LLY” (XLV),
‘ETN’ (XLI), ‘HON’ (XLI), ‘GLW’ (XLK), ‘AVY’ (XLB), ‘ED’ (XLU), ‘PPL’ (XLU).
There are 4 generators which are used on more than 50% of all tickers: LH (105, XLV),
RHI (101, XLI), PNW (100, XLU), PPG (99, XLB).
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Number of generators used for each ticker (sorted)
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Figure 6.16: Number of generators used to forecast each ticker. For each ticker i, the
number of generators used is the number of out-neighbours, i.e., the size of the set
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Figure 6.17: Number of tickers which use a given generator for forecasting. For
each generator trained on ticker j, the number of generators used is the number of
in-neighbours, i.e., the size of the set {i € {1,..., N} : w;; # 0}.

Table shows that on average, generators trained on the XLU sector are most
commonly used, and that stocks from XLU use the lowest number of generators. It
is also by far the sector with the highest Sharpe Ratio. In turn, the second lowest
Sharpe Ratio is achieved on stocks from XLK, whose generators are used the least,
and whose stocks opt for the most generators.

Node centrality plays a crucial role in network analysis as it quantifies the relative

importance or influence of individual nodes within the overall network structure. To
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Sector | Avg OUT | Avg IN | Avg OUT - IN | Average SR
XLB 39.62 31.92 7.69 0.16
XLE 44.17 30.92 13.25 0.25
XLF 25.92 41.84 -15.92 0.07
XLI 36.55 35.20 1.35 0.41
XLK 56.67 27.67 29.00 0.14
XLP 31.68 30.32 1.37 0.46
XLU 12.39 43.39 -31.00 0.82
XLV 31.31 35.59 -4.28 0.18
XLY 50.27 31.82 18.45 0.35

Table 6.6: Average number of out neighbours (OUT), in-neighbours (IN), and their
difference (out - in) by sector. The number of out neighbours counts the number of
generators used for a particular stock, and number of in neighbours counts how many
stocks use a generator trained on a particular stock’s data. The highest values are in
red, and the lowest are in blue.

this end, in order to better understand node importance within our network, Table
6.7 shows top Page Rank centrality scores [109], computed using the absolute edge
weights, both at the ticker (node) level, and also averaged across each sector. In this
instance, a higher Page Rank score for a node ¢ denotes that there are many other
(also important) nodes pointing towards node 4, i.e. tickers with high Page Rank score
have more important generators, which are commonly used. We find that the highest
ranked node by Page Rank is PPG (XLB), which has 99 in-neighbours (assets which
use the PPG generator for their meta-generator), and 26 out-neighbours (number
of generators used to construct the meta-generator). It is the sixth highest ranking
ticker in terms of the difference between the number of in- and out-neighbours, and, as
noted in Figure [6.17] the fourth node by the number of in-neighbours. Unsurprisingly,
the sector with the highest average Page Rank score is XLU, very closely followed by
XLF. XLU is also the sector with the highest difference between the number of in-
and out-neighbours, with the overall lowest number of out-neighbours and the highest
number of in-neighbours, as shown in Table [6.6] All of these statistics are followed by
XLF.

It is natural to consider the industry sectors as clusters in our settings, especially
since the returns under consideration were in excess of the corresponding ETF return.
In order to better understand the network structure, we perform Singular Value
Decomposition (SVD) on the adjacency matrix implied by the LASSO weights. The
singular value plot in Figure indicates that there are approximatively 8 clusters

present, with 4-5 noticeable spectral gaps in line with the differences in the number of
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Top 9 Tickers by Page Rank Score Average Page Rank by Sector
Rank | Ticker | Page Rank Score | Sector | Rank | Sector | Average Page Rank
1 PPG 0.0210 XLB 1 XLU 0.0060
2 JNJ 0.0195 XLV 2 XLF 0.0059
3 LH 0.0146 XLV 3 XLI 0.0055
4 CL 0.0141 XLP 4 XLV 0.0053
5 SRE 0.0141 XLU 5 XLB 0.0052
6 PH 0.0139 XLI 6 XLP 0.0047
7 BK 0.0136 XLF 7 XLY 0.0045
8 CPB 0.0132 XLP 8 XLE 0.0045
9 BA 0.0130 XLI 9 XLK 0.0037

Table 6.7: Top 9 Tickers and Average Page Rank by Sector

tickers under consideration per sector (40, 32, 25, 22, 19, 18, 13, 12, 12).

Singular values of the LASSO-implied weight matrix
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Figure 6.18: Singular values of the weight matrix. There are four large gaps separating
the top eight singular values from the bulk. There is a sharp decline in the singular
values, indicating a low-rank structure for the weight matrix.

The two top left singular vectors, shown in Figure [6.19] are significantly driven
by CMS (XLU), and AEP (XLU), ETR (XLU), AME (XLI), PPG (XLU), and KO
(XLP). All of these tickers have high ratio of in- neighbours to out- neighbours, i.e.
their generators are used more than they use generators trained on different data sets.
Furthermore, we observe very strong support on the XLU sector, and similar levels of
importance from tickers grouped by sector membership.

When it comes to the right singular vectors, displayed in Figure by far the
most prominent tickers are PPG (XLB) and CPB (XLP). These are in top 10 most
important nodes when ranked by Page Rank (Table .

Given the spectral structure and the setup, we perform the remaining analysis
of the underlying graph by grouping tickers by sector. In order to understand the
connectivity of the underlying graph, we visualise within-sector edges in Figure [6.21]
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(b) Second top left singular vector. The highest support is on AEP, CMS,
ETR, PEG, and AME.

Figure 6.19: Top two left singular vectors of the weight matrix.

and observe that the highest number of edges is within XLV, XLI, and XLY. Some
sectors are poorly inter-connected, eg XLK, XLB, XLU, and XLE. However, the edges
present inside XLU are of higher importance compared to the edges of some more
inter-connected sectors, such as XLY.

In Figure [6.22| we show the proportion of total absolute weight between sectors,
rescaled by their size. Each row corresponds the data for evaluation, and each column
corresponds the data for training. Since the sectors have different sizes, total weight
from sector ¢ to sector j is divided by the square root of the product of the sizes of
the two sectors. The corresponding meta-graph whose edges are the total weights
between the sectors is displayed in Figure [6.23] with nodes proportional to the size of

the group.

165



Top right singular vector

CPB Sector
0.7 PPG _ - v
g XLE
XU
0.6 XLI
g -
T 0.5 xe
C -y
S XK
v 0.4 - xr
>
C
o
3 0.31
c
w
£ 024
2
5
5 014
AXP
PVH __ | IN) —
-0.1
= B e SRR T e S S R R R B SR Y
Ticker
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Figure 6.20: Top two right singular vectors of the weight matrix.

The heatmap shown in Figure [6.22| indicates that the most self-weight is contained
within XLI, XLV, and XLU. Even though there are more edges between the nodes
within XLY sector than XLU, the edges inside the XLU sector have a higher weight,
as displayed in Figure We note that the generators from XLI, XLF, XLV, and
XLU are commonly used, whereas those from XLK are not a popular choice. The
strongest connectivity is between XLI, XLV, XLF, XLY, and XLU.
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Figure 6.21: Intra-sector edges (without self-loops).
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There are high degrees of symmetry in the adjacency matrix corresponding to
the meta-graph shown in [6.23] with the graph being fully-connected and the average
absolute distance between each pair of directed weights being only 0.02. The strongest

inter-sector connections are between XLF and XLV, and XLI.

Meta-graph: sector-to-sector total absolute edge weight

Total inter-sector absolute weight

Figure 6.23: Inter-sector total absolute weights.

Lastly, we visualise the edges above 15% (without the DTE self-loop) in Figure
[6.24 We find that the strong connections are mainly between nodes corresponding to
different sectors, and not intra-sector. The edges of the highest weight are all from
tickers from the XLU sector: AEP to PPG, ATO to JNJ, and CMS to CPB. In turn,
these are some of the nodes with the highest Page Rank score (Table . From
our analysis, we note that the data from the XLU sector potentially had the highest
generalisation potential, since there is evidence to suggest that the generators trained
on data from this particular sector are commonly used by other tickers. Furthermore,
it is the most successful sector in terms of the Sharpe Ratio achieved on it, both prior
to applying the meta-generator (Figure and afterwards (Table . This could

indicate higher data quality compared to other sectors, or lower signal-to-noise ratio.
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LASSO graph grouped by sector (absolute edge weight = 0.15)

1.00
§ Sectors
% . & KLY
== X
2 % 5 @ @ Bl XLE
5 - X
|l v
== 0.75
3 XK
mm XLB
/3 Xw
-0.50
-0.25
[P
e . .
®. 5
® T
@ = -0.00 =
]
S )
w
iy
."r
--0.25
-0.50
-0.75
-1.00

Figure 6.24: Weights holding more than 15% of the out weight for a node. The only
high self-loop (DTE) is not included.

169



Chapter 7

Conclusion

This thesis has demonstrated the usefulness of generative models for tackling various
modelling and risk management applications in finance. However, their applicability
extends beyond the specific examples considered in our work. The methodology
proposed in this thesis opens the door to a number of extensions, some of which are

summarised below.

e Hybrid factor—generative models. While the focus of this thesis has been on
fully data-driven models, an important next step would be to incorporate factor
structures, such as those discussed in Chapter [2] into the generative architecture.
These could serve as inductive biases or latent variables, enabling a balance
between interpretability and expressiveness. Hybrid models have recently been
explored using generative diffusion models [30] and GANs [26]. Unlike neural
SDEs, which typically assume Brownian drivers, the factor dynamics could be
entirely learned by the generative model. In the context of implied volatility
surfaces, factor-based priors could improve regularity and potentially eliminate
the need for the smoothness penalty used in VOLGAN. However, regularisation,
e.g. penalising deviations between the arbitrage penalty of the observed

data and the simulated scenarios, may be required.

e Theoretical guarantees and convergence. While GANs in particular are
difficult to study from a theoretical perspective, once trained, any conditional
generative model effectively defines a Markov Chain. This observation opens
the door to studying its ergodicity, convergence properties, and asymptotic

behaviour using tools from theory of stochastic processes.

e Path simulation with generative models. The focus in this thesis has

been on one-step-ahead simulations, which suffice for many local tasks in risk

170



management and trading. An extension would be to explore recursive path

generation by chaining the generator in a Markovian fashion.

Integration with portfolio optimisation and execution. The probabilistic
forecasts generated by the models in this thesis could be embedded within broader
decision-making frameworks, such as portfolio allocation or order execution

pipelines. This would enable a data-driven approach to trading under uncertainty.

Incorporating transaction costs in forecasting. While transaction costs
were considered in the hedging methodology of Chapter [4, similar ideas could
be adapted to the forecasting frameworks of Chapters [p] and [6] One could, for
instance, design policies that only trigger trades when the expected directional

signal exceeds a threshold, thus filtering out low-conviction forecasts.

Dynamic graph weight updates. In Chapter [0 the graph-based ensem-
ble weights are static and derived via a one-time optimisation. Future work
could explore dynamic, online updates of these weights in response to market
conditions, or even integrate them into a differentiable learning framework via

backpropagation.

Application to other markets and asset classes. Although this thesis
has focused primarily on equities, the methodologies are general and could be
extended to other asset classes. In less liquid markets, data scarcity may become
a limiting factor. In such cases, hybrid approaches incorporating stylised models

or transfer learning may be necessary.
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